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Resum (CAT)

Aquest article explora la generacié d'arbres generadors uniformes (UST), fona-
mentals en combinatoria i probabilitat, amb aplicacions en teoria de xarxes i
fisica. Utilitzant processos de Bienaymé-Galton—Watson (BGW) condicionats a
un nombre fix de vertexs, s'introdueix un métode per generar arbres generadors
uniformes i s'examinen propietats estructurals com l'alcada i I'amplada.

Abstract (ENG)

This report explores uniform spanning tree (UST) generation, essential in com-
binatorics and probability with applications in network theory and physics. Using
conditioned Bienaymé-Galton—Watson (BGW) processes, it introduces a method
to generate USTs. Rigorous proofs show that conditioning on a fixed number of
vertices ensures uniform distribution and let us examine structural properties like
height and width.
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Generating uniform spanning trees from conditioned Bienaymé—Galton—Watson trees

1. Introduction

The generation of uniform spanning trees (USTs) is a crucial problem in combinatorics and stochastic
processes, with applications in network analysis, random structures, and statistical physics. A spanning
tree is a connected subgraph of a graph that includes all vertices without forming cycles. When sampled
uniformly at random, each spanning tree has an equal probability of being chosen, presenting mathematical
challenges in defining an appropriate random model susceptible of being analyzed. This drives the search
for effective approaches, and this report proposes novel methods using conditioned Bienaymé—Galton—
Watson (BGW) processes. These processes, traditionally used to model population growth, are adapted to
generate spanning trees under uniform distributions, bridging combinatorics with stochastic processes.

This work provides detailed mathematical formulations and rigorous proofs demonstrating that condi-
tioning BGW processes on a fixed number of vertices results in uniform spanning trees. It explores classical
distributions such as Poisson, Geometric, and Bernoulli branching to illustrate the method'’s versatility and
correctness. It also delves into structural characteristics of random trees, analyzing height and width as
primary metrics for complexity. Results on these parameters offer insights into the asymptotic behavior of
USTs, supported by probabilistic bounds and examples. These findings contribute to a deeper understanding
of USTs and their generation through probabilistic techniques.

2. Obtaining uniform spanning trees
from BGW trees

Depending on the probability distribution governing the reproduction of some individuals, one may obtain
different types of trees. Specifically, we aim to prove that if we condition a Bienaymé-Galton—\Watson tree
to have n vertices and fix certain known distributions, we obtain various types of uniform random trees.
The first description of random trees from conditioning a BGW process by its total progeny can be traced
back to Kolchin [3] and Aldous [2].

Lemma 2.1. Let Z be a nonnegative integer-valued random variable and let X be a BGW(Z) process.
Let T, denote the class of trees with n vertices which can be generated by the process and let T € T, be
a tree in the class. If the probability that T is generated by the process depends only on the number of

vertices n, then

1

Proof. Let us denote P(X = T) by f(n), where n is the number of vertices of T. Then,
P(|X] = n) = [Talf(n),

since the last probability is the sum of the probabilities of obtaining each of the trees with n vertices. Now,
when conditioned on having n vertices, all possible trees are equally likely to occur:

o RX=Tin{X|=n)  F) 1
PX=TIXI=n = ="px1=n) — ~ [Tlfn) Tl
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We now aim to prove that, by selecting an appropriate offspring distribution, it is possible to generate
several well-known types of trees.

The class of labeled trees with n nodes is also called the class of Cayley trees, due to the Cayley formula
enumerating them, its number being n"~2. While Bienaymé-Galton—Watson trees are naturally rooted,
Cayley trees are not; in this context we consider Cayley trees to be rooted by fixing one distinguished vertex
as the root.

Theorem 2.2. Conditioning a Bienaymé—Galton—-Watson tree with offspring distribution Poisson(1) on
having n vertices results in a Cayley tree with n vertices generated uniformly at random.

Proof. Every rooted Cayley tree can be generated from a Poisson(1) BGW process by a labeling of its
vertices. Let T be a specific Cayley tree with n vertices. To prove that each tree can be obtained uniformly,
we first need to order all sibling sets in T by increasing vertex labels. Let x1, ..., xn represent the number
of children of each node, where the vertices are indexed starting from the root and then recursively visiting
the children from left to right. The first requirement for generating T is ensuring the correct number of
descendants for each vertex. Since these random variables are mutually independent, the probability of
obtaining a specific number of children for all vertices is the product of their individual probabilities.

The second requirement is assigning the correct labeling, as we are considering labeled trees. With
n vertices, there are n! possible ways to label them. Moreover, the children of the i-th vertex can be
permuted in x;! distinct ways for each / = 1, ..., n, resulting in the same tree. Thus, the final calculation
can be expressed clearly as follows:

Since the last probability depends only on the number of vertices, and it is known that there exist
n"~? labeled trees, by Lemma 2.1 the theorem is proved. O

The class B, of full binary trees of n vertices is the family of unlabelled rooted plane trees where every
node has two or zero children. Being plane means that trees have distinguished left and right subtrees. The
trees depicted in Figure 1 are considered to be distinct.

Ve

Figure 1: Two distinct binary trees.

A full binary tree with n nodes has an odd number n of vertices and m = (n+1)/2 leaves. The number
of such trees is given by the Catalan number C,,_;.

Theorem 2.3. Conditioning a 2 Bernoulli(1/2) Bienaymé—Galton—Watson tree on having n vertices results
in a binary tree with n vertices generated uniformly at random.

Reports@SCM, 10 (2025), 1-12; DOI:10.2436/20.2002.02.45. 3
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Proof. It is clear that one can obtain every binary tree from a 2Be(1/2) BGW tree and vice versa. Let T be
a particular binary tree with n vertices. It is known that in a binary tree there are (n —1)/2 internal nodes,
and (n+ 1)/2 leafs. To apply Lemma 2.1, we need to calculate P(X = T). Let x ~ 2Be(1/2).

n—1

P(X = T) = P(x = 0) 5" P(y = 2)"7 — (1)

Since the last probability depends just on the number of vertices, by Lemma 2.1 we have proved the
theorem. O

The class P, of ordered plane trees with n vertices is the family of unlabelled rooted trees where the
children of every node are ordered from left to right in the plane.

Theorem 2.4. Conditioning a Geom(1/2) Bienaymé-Galton—Watson tree on having n vertices results in an
ordered plane tree with n vertices generated uniformly at random, where Geom(1/2) denotes the geometric
distribution on {0,1,2, ... }.

Proof. It can be observed that every ordered plane tree can be obtained from a Geom(1/2) BGW tree, and
conversely, every Geom(1/2) BGW tree corresponds to an ordered plane tree. Let T be a specific ordered
plane tree with n vertices. To generate such a tree, it is necessary to account for both internal nodes and
leaves.

The probability of an internal node having exactly k children is (1/2)%(1/2), where the first factor
represents the probability of successfully having k children, and the second factor accounts for the probability
of no additional children. For a leaf, the requirement is simply to have no children, which occurs with
probability 1/2.

Consequently, the probability of achieving the correct number of children for each vertex is independent
of whether the vertex is an internal node or a leaf. This probability is given by (1/2)Xi*1, where y; denotes
the number of children of vertex i. Thus, the following conclusion naturally arises:

nos1\xitl 1 S xitl 1\"~i+n 1\ 21
r-n-1) -G -G -G)
i=1

Furthermore, it is usually known that the number of ordered plane trees with n vertices is C,,_1, where
C, is the n-th Catalan number. Hence, by Lemma 2.1, the theorem has been proved. O

3. Studying some parameters of random trees

This chapter is focused on the study of key parameters of random trees: height, width, and the number of
leaves. All results presented in this section are derived from the study L. Addario-Berry, L. Devroye, and
S. Janson did in [1]. The approach in [1] applies not only to random Cayley trees, but to any family of
trees arising from a BGW/(x) tree as long x has expectation 1 and finite variance (critical BGW trees).
Furthermore, explicit proofs are provided for certain concepts that are often assumed without further
justification in the literature. The exploration of these parameters offers a deeper understanding of random
trees, contributing new insights into established results in this field.

4 _-"_I.I]_z'f T | I.'.| https://revistes.iec.cat/index.php/reports
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3.1. Some preliminaries

The Breadth-First Search (BFS) on a BGW tree is an algorithm used to explore the tree level by level,
starting from the root. BFS explores the tree by visiting all nodes at one level before moving to the next
one, ensuring that nodes are processed in increasing distance from the root. Hence, this search keeps a
queue @ with Q; nodes at the i-th step, with Qg = 1. During the exploration of a vertex, its offspring are
added to the back of the queue. Then, one can easily obtain the following recursion:

Qi=Qi-1—1+xi,

where x; are independent and identically distributed copies of the offspring distribution x. Hence, by this
recursion, Qj = 1+ S, where S; :=>_ (xi — 1) = S; — j. The tree is completely explored when Q; = 0.
In this case, S, = —1.

Definition 3.1. Let T, be a random tree with n nodes. The width of a tree T,, denoted by W(T,), is
the maximum number of nodes at any depth level. Generally, let d(v) denote the depth of a node v in a
rooted tree T. Then
width(T,) = rp;'a[%(]{v € V(T,) :d(v) = k}|.
We now present key lemmas that are necessary for studying the expected width of a random tree.

Lemma 3.2 (Raney's Lemma). Let a1, a2, ..., ap be a sequence of integers such that Y 7 _; aj = —1.

Then there exists a unique index s such that the cyclic partial sums Sy = Ejf:_ol 3(s4j)modn for k =
1,2,..., n, satisfy:

(i) Sk >0 forl <k < n.
(i) Sp=—1.

Lemma 3.3. Suppose that the individuals in a BGW process reproduce according to a random variable x,
with E[x] = 1 and Var(x) < co. Then, there is a constant ¢; € R such that, for all n sufficiently large,

P(S, = —1) > an~ /2.

Lemma 3.4. Suppose that x; are i.i.d., non-negative and integer-valued random variables, with E[x;] =1
and Var[xi| < oo, and let S, = 27:1 Xi. Then, foralln>1and m> 0,

P(Sn =n- m) g %6_63"12/”1

where ¢ > 0 and c3 > 0 are real constants.

Lemma 3.5. Let x be a discrete random variable taking values in nonnegative integers. Suppose that
E(x) =1 and 0 < Var(x) < co. Let T be a BGW(x) tree. Then, P(|T| = n) > n=3/2.

Lemma 3.6 (Bernstein inequality). Let Xi, X, ..., X,, be independent random variables such that X; —
E[Xj] < b for every i, where b € R. Let V := %" ; Var(X;). Then,

n 2
Z t

i=1

Reports@SCM, 10 (2025), 1-12; DOI:10.2436/20.2002.02.45. 5
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3.2. The width

Theorem 3.7. Let x be a discrete random variable taking values in nonnegative integers. Suppose that
E[x] =1 and 0 < Var(x) < co. Let T, be a BGW(x) tree with n nodes. Then,

P(W(T,) > x) < ce™ /",
for all x > 0 and n > 1, where ¢4 > 0 and ¢5 > 0.

Proof. We will follow the proof strategy outlined in [1]. Let Zx be the number of individuals in the k-th
level of a BGW tree. It is clear that every Z is some Q;, where @; is the number of nodes in the queue
of BFS in the j-th iteration. Hence,

W := max Zx < max Q;.
k>0 >0

As a result, for the conditioned BGW tree T,,

P(W>x+1)<P(maxQ; > x+1) = IP’(maxS >x|$>0,j<n, S,=-1).
J
Now, we aim to simplify the last conditioned probability. Our first goal is to get rid of the conditioning
on 5 > 0, where j < n. By Raney’s Lemma 3.2, condltlomng on {5 >0,j<n S,= —1} is equivalent
to condltlonmg only on {S, = —1}. However, max; S; may be changed. By conditioning on S, = —1, we
can write

maxS —max5 m|n5 +1,
Jj<n Jj<n j<n

and the latter quantity is changed by at most 1 by a rotation of y; :=x; —1Vi=1,...,n. Then

P(maxgjlegjzo,j<n,§:—)<P(maxSJ—m|n5 >X|S —1).
J Jj<n Jj<n

Therefore, we now have more tools to bound P(W > x + 1).

(W>2x+2)<IP’(maxQJ>2x+2)<[P’(m<ax5 —rr!nS >2x+1|8,=-1)
j<n i<
<P(max$; > x| S, = -1)+P(min§ < —x—1]| S, = —1).
Jj<n i<n

The last inequality is due to the fact that, if y — z > 2x + 1, then either y > x or z < —x — 1, where
X, ¥, z are real numbers. Furthermore, the reflection x; <> xpt+1—i, which swaps 5 — 5 — 5,7 —j, shows
that the last probabilities are the same. Hence,

P(max Q; 22x+2)<2IP’(m<ax5 >x |5, =-1).
J J<n

The last expression can be written in terms of the first index such that §J > x. So that, let us define
T=min{j >0:5; > x}. Then,

P(max Q; > 2x +2) <2P(r < n |5, = —1)
J

PGy = —1| 7 < m)—LT <
P(5, = -

NI « I|'.| https://revistes.iec.cat/index.php/reports
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where the last equality is due to the definition of conditioned probability. By definition of 7, S, > x. Then,
if we fix some t < n and y > x, by Lemma 3.4 we have the following:

P(Gy=—1|7<n)=P(8=—1|r=1t5 —y)
=P(5, — Si=—y —1)=P(Sp_¢ = —(y + 1)) =P(Sp—t — (n — t)=—(y + 1))

1
CB(Sy = (- £) — (v +1)) < M2 S/ 2
§C2n—1/2e—C3x2/n'

where we have used §n — SNt = ~,,_t due to the fact that these n — t random variables are i.i.d. Then,

by (1) and Lemma 3.3 it is clear that we can now prove what we seek:

~1/2 \—c7x?/n
P(max Q; > 2x +2) < can~ 2= /n. PST <n) < ©h "¢ < cpe @/, O
J P(S, = —1) P(S, = —1)

Theorem 3.8. Let x be a discrete random variable taking values in nonnegative integers. Suppose that
E[x] =1 and 0 < Var(x) < co. Let T, be a BGW(x) tree with n nodes. Then,

E[W(T)] = O(Vn),
for all n > 1.

Proof. This proof is not provided in [1]; however, we consider it highly relevant to the topic at hand. There-
fore, we present a rigorous proof of this result herein. We aim to prove that the expected value E[W(T,)]
grows asymptotically at most as /n, given the inequality

P(W(Ta) > w) < cge™ "/,

For a discrete random variable W, the expectation can be written as
o

E[W(T) = > w-B(W(T,) =w),
w=0

or equivalently

E[W(T,)] =Y P(W(T,) > w).
w=1
This equivalence holds because

P(W(T,) > w) =Y B(W(T,) = k),
k=w

and reorganizing terms yields the alternative representation.

Using the given inequality P(W(T,) > w) < cae~"*/ e can bound the expectation as

o0 o0
BT < Y cie v /n = 3 eanin
w=1 w=1

Reports@SCM, 10 (2025), 1-12; DOI:10.2436/20.2002.02.45. 7



Generating uniform spanning trees from conditioned Bienaymé—Galton—Watson trees

The sum > 00, e~Sw?/n resembles a Riemann sum and can be approximated by an integral for large n.
We have
o 00
Z e—C5W2/n S/ e—C5><2/n dx.
w=1 0

To compute this integral, we use the substitution u = /<X, which implies x = 1/?,;” and dx =

- o : .
\/gdu. Substituting into the integral gives

[ et _[/ - du—\f N

/OO e/ gy — [ VT
0 2

Cs

Therefore,

Thus, the sum can be approximated as

$ peomiin [T VE
b Cy 2

Substituting this back into the bound for E[W(T,)], we find

EW(T,)] < ¢ - \/7 \F

E[W(T,)] = O(vVn). [

This shows that

3.3. The height

Definition 3.9. The height of a tree T, denoted by H(T), is the maximum depth of any node in the tree.

H(T) = d(v).
(T) Jmax (v)

A lexicographic depth-first search (DFS) is a linear time algorithm for ordering the vertices of a labelled
graph. At each node, its children are visited in lexicographical order. The children of the first children are
explored before going to its siblings. This idea is applied recursively for each vertex. Let Q,-d be the number
of nodes in the stack of the DFS at the i-th step. We define Q§ = 1. At each step, we get rid of a vertex
from the queue and add its children, which we read in the lexicographical order. Hence, since all individuals
reproduce with the same probability distribution, the following recursion is clear:

Q=@ -1+

The reverse-lexicographic depth-first search is a variation of the standard depth-first search (DFS)
where, instead of visiting the children of a node in lexicographical order (smallest first), we visit the
children in reverse lexicographical order (largest first). We will denote by Q! the number of nodes in the
queue of the algorithm at the i-th step.

NI « I|'.| https://revistes.iec.cat/index.php/reports
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One can easily observe that in a uniformly random tree T,, the labels of the vertices do not affect the
probability distribution of the labeled tree. While BFS explores nodes level by level and DFS goes deeper
first, lexicographic and reverse-lexicographic DFS are merely different ways of ordering the visits to the
nodes. Therefore, the resulting labelings observed along these procedures follow the same distribution.

Now, we will stand out several preliminary lemmas:

Lemma 3.10. Let P be the unique path in a tree from a vertex which has height h to the root. The
expected value of nodes in P that have more than one child is h - q1, where g1 =1 —P(x = 1).

By the previous lemma, the expected number of nodes in P that have exactly one child is h- p;, where
pr=P(x=1).

3.4. A modified Bienaymé—Galton—Watson tree

To complete the study of the height of a random tree, we will need to introduce a new concept.

Let ¥ be a random variable with the size-biased distribution
B({ = m) = m-B(x = m).

It is clear that this is a probability distribution since > P(¥ = m) = E[x] =1, and that ¥ > 1.

Let, for k > 1, T() be the modified BGW defined as follows. It has two different types of nodes:
normal and mutant. Normal constitute the offspring of x, while mutant nodes have offspring according to
independent copies of . All children of normal nodes are also normal. Exactly one child of each mutant
node is chosen at random and it is called its heir. If this heir has depth less than k, it is mutant. If not,
it is normal. Hence, there are exactly kK mutant nodes, which together with the heir v* of the last mutant
node, form a path from the root to v* at depth k. This path is what we call the spine v of Tk,

An equivalent construction of the modified BGW tree can be described as follows:

1. Construct the spine:
e The spine is a path consisting of k nodes, starting from the root at depth 0 and ending at a
node at depth k.

e These nodes correspond to the mutant nodes in the original construction.
2. Attach independent subtrees to the nodes of the spine:

e For each node along the spine, except the last one at depth k, attach a number of indepen-
dent subtrees. The number of such subtrees is distributed as ¥ — 1, meaning it follows the
distribution ¥ reduced by 1.

e For the node of the spine at depth k, attach independent subtrees according to the distribution ¥,
which corresponds to the behavior of normal nodes.

Hence, the spine forms the central path from the root to depth k, while the subtrees, attached inde-
pendently, reflect the probabilistic structure of the original model.

Reports@SCM, 10 (2025), 1-12; DOI:10.2436/20.2002.02.45. 9
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Now, we aim to study the probability of obtaining a particular tree T from a modified BGW tree Tk,
To start with it, it is not difficult to find the probability that a given mutant node has m children and one
of them is selected as heir. This is: )
—P(x =m)=P(x =m).
CB(X=m) =P(x = m)
Hence, since every normal node has distribution y and the process consisting of taking a mutant node with
m children and selecting one of them to be mutant also distributes as , the following is clear:

P( TH) = T with 7y as spine) = H]P’(X =d,)=P(X=T).

Then, the probability of getting a particular tree T from a modified BGW with a fixed spine is the
same of obtaining this T from the BGW tree. Since for every node v at depth k, there exists one unique
path from v to the root, there is a bijection between nodes at depth k and spines. Therefore, summing for
all nodes at depth k:

P(T) = T) = Z(T)-B(T = T).

In conclusion, 7(¥) has the distribution of T biased by Zx, which is the size of the k-th generation.

Returning to the broader discussion, with these preliminaries in place, we now have the necessary tools
to prove the following.

Theorem 3.11. Let x be a discrete random variable taking values in nonnegative integers. Suppose that
E[x] = 1 and 0 < Var(x) < oo. Let T, be a BGW(x) tree conditional on having n nodes. Then, for
alln>1and h>+/n,

P(H(T,) > h) < Ge™e/n,

where C, > 0 and ¢ > 0.

Proof. We will follow the proof approach provided in [1]. Let h be the height of T,,. We may assume
that h € Z. We will base the proof on the next observation. Since we have proved that the width is
expected to be \/n, we can suppose there is a vertex v € V(T,) with “large” height. Hence, there are two
possible cases of obtaining a tree with height h: either there are many edges leaving the unique path P
from v to the root, where v is a vertex from the h-th level, or there are many of the ancestors of v with
just one child.

In the first case, the objective is to bound max(de, Q,C) and connect this bound with the probabilistic
structure of the tree. The quantities Qj’ and @ measure how many vertices are simultaneously active
during the lexicographic and reverse-lexicographic depth-first explorations, respectively. Whenever a node
on the path from a vertex at height h to the root has more than one child, all of its extra children are
added to the exploration data structure and remain there until they are processed. This causes Qf or Qf to
increase, and their maximum size thus reflects the cumulative effect of branching along the path. Therefore,
the height h of the tree can be directly related to max(Qf’, Q,C): if the tree has height h, then there must
exist an index j with de = h or an index k with Q; = h.

Let pr =P(x = 1) and let g1 = 1—p;. Let v € V(T,) such that h(v) = h. Let j (resp. k) be the index
of v in lexicographic (resp. reverse-lexicographic) order. Let X be the number of nodes which have more
than one child in P. Each ancestor of v with more than one child contributes to at least one unit to de or
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to Qf. We distinguish two cases, either max(de, Q) > %h or max(de. Q) < %h. In the second case, by
the above remark, the number of ancestors of v with exactly one child is at least (1—2q1 /3)h = (p1+q1/3)h.

Now, it is not useful to think about the queues because when the algorithm processes a node which has
just one child, the size of the queue does not increase, so it is not a good representation for the height of
the tree. Let S(h) be the set of trees T with | T| = n and containing a node v such that h(v) = h that has
at least (p1 + g1/3)h ancestors in P with exactly one child. Then, let a :={T, € S} =Urcs{Tn =T}

Then, we can apply these two cases described to the calculus of the following probability. The first two
terms correspond to the first case, while the remaining term corresponds to the second case:

P(H(T,) > h) <P (max Q> ?h) +P <mkax QL > ?h) + P(a)
J
= 2P (max Qi > Cgh) +P(a) < Cipe—uh’/n 4 P(a),

where the last inequality has been seen in the proof of Theorem 3.7.
Then, we only need to bound P(«):

P(T €S) = Z P(T=T)= Z P(T" = T with v1 as spine)

TesS TesS
h—1
=P ( U {T") = T with y7 as spine}> <P (Z 1¢,-1 > (pL + q1/3)h> .
TeS i=0

To justify the last inequality, recall the construction of T(h): the spine -y consists of the h mutant nodes
from the root to depth h, and for each i = 0,..., h — 1 the number of offspring of the i/-th mutant is
distributed as X; (the size-biased distribution), one of whose children is then chosen uniformly to continue
the spine.

There is a one-to-one correspondence between the property “the i-th vertex on the spine has exactly
one child in the realised tree T and the event “{; = 1 in the construction of T(N": if the i-th mutant
has exactly one child, then necessarily that child is the heir (so {; = 1), and conversely, if X; = 1, then the
i-th spine vertex has exactly one child in the realised tree.

Consequently, whenever T equals some T € S with spine T, the number of spine vertices having
exactly one child is at least (p; + g1/3)h by the definition of S. Therefore the event

U {T(") = T with v7 as spine}
TeS

is contained in the event

h—1
{Z 15,-13 > (p1 + q1/3)h} ,

i=0

which yields the displayed inequality.
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Since 15,—; are Bernoulli(p1), by Lemma 3.6, and taking t = q1h/3, V = p1q1h, b = g1, we have the
following bound:

h—1
(q1h/3)? ) < h )
P | P + | < — = _ ).
(; %=1 = (p1 + q1/3) > _eXP< 2praih + 2G2h)9 exp T8pr/qr 1 2

Furthermore, the following equality is clear:

P(T € S) =P(«) - P(|T| = n).
By Lemma 3.5, P(|T| = n) > n=3/2 and we can establish an upper bound for P(¢).

= — 7 <K - < N < C12 n
P(6) AT =n) = Cion®' < exp 8p1/qi £2) = Cion®' < exp B/ +2 ) = Cize ,

for all h > \/n. Taking everything into account, what we have is the following bound for the height of a
BGW tree: , ,
P(H(Tn) > h) < Crieh/n 4 Crze=2h™/n,

Now, taking
G = max{C1, Gi3}, ¢ :=min{cy, a2} = P(H(T,) > h) < C2e—czh2/n. O

Having proved that, we left the following result without proof due to its analogy with Theorem 3.8.

Theorem 3.12. Let x be a discrete random variable taking values in nonnegative integers. Let T, be a
BGW(x) tree conditional on having n nodes. Suppose that E[x] = 1 and 0 < Var(x) < oco. Then, for
alln>1,

E[H(Ta)] = O(v/n).
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1. Introduction

Solving non-linear equations of the form f(x) = 0 is a common challenge in various scientific fields,
spanning from biology to engineering. When algebraic manipulation is not feasible, iterative methods
become necessary to determine solutions. Among these, Newton's method stands out as a widely used
approach, relying on the linearization of f(x). Its iterative scheme is given by:

f (xn)
Xn+1:Xn—f/(Xn), nZO

Nevertheless, numerous numerical methods have proven to be efficient when they converge, including the
one considered here, Traub's method. While Newton's method exhibits quadratic convergence for simple
roots of a polynomial when the initial guess is sufficiently close to the root, Traub’s method achieves cubic
(local) convergence. This method belongs to a parametric family of iterative schemes, first introduced
in [6, 12], known as the damped Traub’s family. lts iterative formula is given by:

f(yn
Xn+1 = Yn — 5’_»,((};”)), n>0,

where y, = x, — ff/(f(") represents a Newton step, and ¢ is the damping parameter. Notably, setting § =0
recovers Newton's method, while ) = 1 corresponds to Traub’s method. It is important to mention that each
iteration of Traub’s method involves additional computations compared to Newton's method. Although the

question can be explored in other settings, here we will focus on the case where p(z) =0, z € C.

Roughly speaking, when we have a good estimate of the solutions to the equation p(z) = 0, iterative
methods tend to work well. However, challenges arise when the number of solutions of f is large or when we
lack control over these solutions. This is particularly problematic when selecting initial conditions to initiate
the algorithm. In such situations, the study of dynamical systems becomes valuable. By examining the
topological characteristics of the immediate basins of attraction associated with the solutions of p(z) =0,
we can gain valuable insights and aid in addressing these challenges. An illustration of this is provided in [8].
In their work, the authors used some topological results of the basins of attraction to construct a universal
and explicit set of initial conditions denoted as Sy. This set, depending only on the polynomial’s degree,
allows Newton's method to find all roots of a polynomial. The existence of the set Sy is guaranteed by the
following key properties of the immediate basins of attractions for the Newton's method (first proved by
Przytycki [10] and later generalized by Shishikura [11]).

Theorem 1.1. Let p be a polynomial of degree d > 2. Assume that p(a) = 0 and let N, be the
corresponding Newton's map. Then, the immediate basin of attraction of o, denoted as A*(«), is a simply
connected, unbounded set.

A natural question that comes up now is whether we can create a set similar to Sy for Traub’s method.
If this were possible, it would provide a way to find all the roots of a polynomial with improved convergence
speed. Specifically, as previously noted, for simple roots of the polynomial, the local convergence order
would be cubic instead of quadratic, leading to faster convergence. To achieve this, proving an equivalent
to Theorem 1.1 for Traub’s method, will provide the necessary tools for building the Sy like-set. In a recent
study [3], Theorem 1.1 was proved for Traub’s method under certain additional assumptions. To be precise,
the researchers successfully established the following theorem:
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Theorem 1.2. Let p be a polynomial of degree d > 2. Assume that p satisfies one of the following
conditions:

(i) d =2, or
(ii) it can be written in the form p, 3(z) := z" — 3 for some n > 3 and 3 € C.

Suppose that p(«) = 0 and consider damped Traub's map T, 5(z) := Np(z) — 5% with 6 € [0, 1].

Then Aj(«) is a simply connected unbounded set.

This article explores the damped Traub's method as a root-finding algorithm. We provide background
to understand the proof of Theorem 1.2 and present two results that bring us closer to our goal: proving
an equivalent result to Theorem 1.1 for Traub’s method. Specifically, we establish the following result:

Theorem A. Let p be a polynomial of degree d > 2. Assume that p(c) = 0 and let T,; be the
corresponding damped Traub’s map. Then, for § close enough to zero, .A’frpé(a) is an unbounded set.

Moreover, we analyze the behavior of Traub’s method for the polynomial family py(z) = z(z9 — 1).
Notably, for Halley's root-finding algorithm, the basin of attraction of z = 0 is bounded when d = 5, but
we establish the following result:

Theorem B. Let py(z) = z(z9 — 1). Then, A*Tpd (0) is an unbounded set for every integer d > 0.

,1

2. An introduction to holomorphic dynamics

Let us denote C = CU {oc} the extended complex plane or Riemann Sphere.

Definition 2.1. Let R: C — C be a rational map. A point z = z is a fixed point if R(z) = z
(resp. periodic of period p if RP(zy) = zog for some p > 1 and R"(zy) # zy for all n < p). The multiplier
of zg is A = R'(z) (resp. A = (RP)(z0)).

The character of the fixed or periodic points can be determined by using the multiplier. In fact, the
fixed or periodic point zg is attracting if |\| < 1 (superattracting if A = 0), repelling if |A\|] > 1 and
indifferent if |A\| = 1.

Definition 2.2. Let R: C — C be a rational map and zy € C be an attracting fixed point of R. We define
the basin of attraction of zy as

Ar(z0) = A(zo) = {z € C: R"(z) === z}.

We denote by A*(zp) the connected component of A(zp) containing z, and we refer to it as the immediate
basin of attraction.

In what follows we omit the dependence with respect to the rational map under consideration, unless
it is mandatory. It is easy to see that A(zp) is an open set containing zy. There is a vast body of results on
this topic, and for a general overview, many excellent references are available; see, for instance, [2, 9, 5].
To conclude this chapter, we present a theorem that will be useful later. This theorem state that, in a
neighbourhood of an attracting fixed point, the map looks like g({) = AC.
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Theorem 2.3 (Koenigs linearization Theorem). Let zg € C, U neighbourhood of zy and f: U — C be
a holomorphic function such that zy is an attracting fixed point with multiplier 0 < |\| < 1. Then there is
a conformal map ( = ¢(z) of a neighbourhood of zy onto a neighbourhood of zy which conjugates f to
the linear function g(¢) = A(. The conjugating function is unique, up to multiplication by a nonzero scale
factor.

3. Local dynamics of the family T,

Recall that if p is a polynomial of degree d > 2, the damped Traub’s map applied to p is defined as

P(Np(2))
Tos = Ny(z) — 6———,
P, P( ) ,D/(Z)
where N, is the Newton's map and 6 € C. For our purposes, it will suffice to consider § € [0, 1]. Notice

that, setting 6 = 0 recovers the well-known Newton's method. The map N, is the universal root-finding
algorithm and it satisfies the following key global dynamical properties:

Proposition 3.1. Let p be a polynomial of degree d > 2. The following properties regarding the Newton's
map hold:

(i) A point z =« is a root of p if and only if it is a fixed point of N,.

(ii) The simple roots of p are superattracting fixed points of N, while multiple roots are attracting fixed
points of Np.

(iii) The point z = oo is the only repelling fixed point of N,,.

Proof. (i) and (ii) are straightforward computations. For (iii), observe that Ny(00) = lim,_,o Np(2) = 00,

so z = oo is a fixed point. To see its nature, consider the transformation ¢: U — V such that ¢(z) = 1/z,

where U is a neighbourhood of z = oo and V is a neighbourhood of z = 0. The conjugate map is
) o

then N,;(z) = ¢(Np(¢71(2))) = Wy(1/z) SO studying the behaviour of N, at z = 0 reveals the character

of z = oo in the original system. O

Leveraging the properties of Newton's method, particularly noting that z = oo is the only repelling
fixed point, Theorem 1.1 can be established. Details of the proof can be found in [1]. For § # 0, some of
the properties that hold for N, remain the same, while others change slightly. Let us summarize them:

Proposition 3.2. Let p be a polynomial of degree d > 2 and 6 € (0, 1]. The following properties regarding
the damped Traub’s map hold:

(i) If z= « is a root of p, then z = « is a fixed point of T, 5. The converse is not necessarily true.

(ii) The simple roots of p are superattracting fixed points of T, s, while multiple roots are attracting
fixed points of Tj 5.

(iii) The point z = oo is a repelling fixed point of T ;.
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The complete and detailed proof can be found in [3]. Notice that, finite fixed points of the method do
not necessarily correspond to zeros of the polynomial, as is the case with Newton's method; see Figure 1
for a visual illustration. With all this information, a recent study [3] successfully established Theorem 1.2.

Figure 1: On the left, we illustrate the dynamical plane of Traub’s method applied to the cubic polyno-
mial P(z) = (2% + 0.25)(z — 0.439). Basins of attraction corresponding to roots of the polynomial are
shown in orange. It is notable that T, ;1 exhibits an attracting fixed point located at ¢ ~ 0.155, whose basin
is depicted in blue, that does not correspond to any root of P. On the right, we present the dynamical plane
of Newton's method applied to P. Here, it is evident that there are no fixed points other than the roots.

4. The method as a singular perturbation

In this chapter, we prove the unboundedness of immediate basins of attraction when § ~ 0. For small 6,
the damped Traub's method acts as a singular perturbation of Newton's method. A singular perturbation
refers to a base family (with well-understood dynamics) combined with a local perturbation that increases
the map’s degree and enriches its dynamics. This perturbation affects only certain regions of the dynamical
plane when the parameter is small [7]. Here, Newton's method is the base family, and p(N,(z))/p'(z) is
the perturbation. Notice that the singular perturbation occurs over the Julia set, as it involves adding
additional preimages of z = oo to the zeros of p/(z). To establish the main result of the section, we will
first present some auxiliary results.

Lemma 4.1. Let p(z) = agz? 4 --- + a1z + ag be a polynomial of degree d > 2. Let qj be the zeros
of p'(z) = 0, i.e., the poles of both the damped Traub’s map, T, s, and Newton's map, N,. Consider

the compact K = D(0, R) \ U;D(qj,¢) where R > 0 and ¢ > 0 are positive fixed constants. Then, for
every z € K, there exists a constant Cg. such that |p(Ny(z))/p'(z)| < Cre.

Proof. Let z € K. There exists a positive value 7. > 0 such that |p’(z)| > 1. Moreover, since |z| < R,
Ip(2)] < |ag|RY 4 - - + |a1|R + |ao| := R’. Hence,

p(z)
P'(z)

R/
<R+—:=M.
Ne

[Np(2)] < 2] +

Therefore,
P(/Vp(Z))’ < |agNp(2)?] + - - - + [a1Np(2)] + |a0] < |ag|M? + -+ |a1|M + [ao| _
Pl(z) o Ne - Ne

Cr.. O
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Lemma 4.2. Let p be a polynomial of degree d > 2. Let q; be the zeros of p'(z) = 0, i.e., the poles
of both the damped Traub’s map, T,s, and Newton's map, N,, and let z = « be a zero of p, i.e., an
attracting fixed point for both Ny, and T, 5. Consider the compact K = D(0, R)\ U;D(gqj,¢’) where R > 0
and € > 0 are positive fixed constants such that o € K. Then, the following statements hold:

(i) There exists a compact K' C K such that K' C A} (a), o € K" and OK' N 0K # 0, satisfying that
for every z € K', there is a unique M € N such that: Ve >0, NY(z) € D(a, /2).

(ii) For the given ¢ > 0 and for 6 small enough, the following property holds: ¥z € K’, NFI,VI(Z) —

TM(2)| < /2. In particular, TV(z) € D(a,€).

Proof. (i) The existence of such a compact is guaranteed by the fact that A’;‘Vp(a) is an open set, unbounded
and simply connected. Since z = « is an attracting fixed point for N, the existence of M € N is also
guaranteed.

(ii) To prove the result, let us first establish the following claim: For § small enough,
Vr >0, 3p > 0such thatif |[z1 — 2| < p = |Np(z1) — Tps(22)| < r.

To prove the claim, observe that, using Lemma 4.1 in the last inequality,

p(N,(z
Np(22) — Tia(ze) < [Nz = Wy(zz)| + 6 |PERED | < () = ) + e
Hence, since Newton's map is continuous in K (in particular it is also in K’), there exists p > 0 such that
if |z1 — 22| < p, then |Np(z1) — Np(22)| < r/2. Setting 6§ = ﬁ we obtain the desired bound.

Now, let z € K. To prove the result, we proceed as follows:

1. Using the claim with z; := N}~1(z) and 2, := T,%_l(z), there exists nps > 0 and &y > 0 such that
if |N/3V’_1(Z) - sz_l(z)] < nm, then \NA/’(z) — T%M(z)| <e/2.

2. lterating the algorithm, we obtain sequences {nn—;} o>, {om—i} o> satisfying that if |N£/’_i_1(z)—
Tl%_"_l(z)| < nm—i, then [N}=i(z) — T:’/’&i_"(z)] < NM—it1-

3. We conclude the algorithm with the existence of 7o > 0 and d2 > 0 such that if |N,(z) — Tp5,(2)| <

2, then [N3(z) — T2, (2)] < ns.

Finally, to ensure that [Ny(z) — Tps(2)| < 72, we just need to take §; = % Therefore, taking § =
min{d1, ..., dm}, we obtain that for every z € K: |T5(z) — N)'(2)| < /2. O

Theorem A. Let p be a polynomial of degree d > 2. Assume that p(c) = 0 and let T, be the
corresponding damped Traub’s map. Then, for § close enough to zero, A”-‘rp(s(a) is an unbounded set.

Proof. First, observe that for § close enough to zero (indeed for every 6 € [0,1]), z = oo is a repelling
fixed point for T, 5. By Koenigs linearization Theorem, in a neighborhood of z = oo, say D(oc0,¢), Tp s is
locally conjugated to g(¢) = A(, where \ is the multiplier of z = co. Notice that, if A € C, since |A| > 1,
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points near z = oo tend to move away in a spiral shape, and if A € R, since |\| > 1, points near z = oo
tend to move outward in a radial manner.

Let us define R := 1 and consider the compact K := D(0, R) \ U;D(g;, ') where g; are the poles
of T,5, i.e., the zeros of p'(z) =0, and & > 0 is a positive fixed constant. We can assume that o € K.
If not, we can choose a smaller value for ¢ (increasing the value of R) to ensure that « € K, making the
neighborhood where the Koenigs coordinates apply smaller. Since z = « is an attracting fixed point for
both Ny and T, 5, there exists 71,72 > 0 such that D(a, m) C A} (@) and D(e, 12) C A*}pva(a). Setting
n = min{ny, N2}, we have that D(a,n) C A’,kvp(oz) N A“frp’é(oz). According to Lemma 4.2(i), there exists a
compact K’ C K such that K" C A} (), o € K’ and 9K’ N OK # 0, satisfying that for every z € K’,
there is a unique M € N such that, for every z € K’, N,gw(z) € D(a,n/2) C D(«,n). Moreover, since
the basins of attraction of Newton's method are unbounded and simply connected, there exists a ray 7
connecting the fixed point z = a and z = oo, included in .A’,kvp(a). This ray can be chosen such that
its restriction to K is included in K. From now own, any reference to 7 will indicate the ray extending
from the point z = « to the boundary of the set K. Then, according to Lemma 4.2(ii), for ¢ small
enough and z € K/, Tl%(z) € D(«, n), indicating that z € A*Tm(oz). Then, either 7 C K’ C Afrm(a)
or there exists w € J(Tp5) N K. In the last case, since w € K’, TA/Z;(W) € D(a,n), in contradiction
with w € J(T)p,s5). Therefore, 7 C K’ C A% (a).

By construction, observe that dD(0,R) = 9D(oco,€), hence, the ray 7, which ends at 9D(0, R),
connects with the spiral (or the line in case A € R) that extends towards z = co. Thus, we found a ray
that connects the fixed point z = a to z = oo, which is contained within A% v6(a). This proves that the
immediate basin of attraction for the damped Traub’s method is unbounded when § =~ 0. O

5. Traub’s method applied to z(z? — 1)

Now, we aim to examine Traub’s method applied to the family py(z) = z(z9—1). This family is particularly
interesting because, for Halley's root-finding algorithm, it was found that for d = 5, the immediate basin
of attraction of z = 0 is bounded. Therefore, proving that this is not the case for Traub’s method would
support the conjecture that the immediate basins of attraction of Traub’s method are unbounded. We have
been able to prove that the immediate basin of attraction of z = 0 is unbounded for every d. To establish
the result, we will first present an auxiliary result.

2k+1)mi

Lemma 5.1. The semi-lines z = re( a ,r>0andk=0,1,...,d—1, are forward invariant under T, 1.

First of all, observe that

Pd(Npy(2)) _ d(d +1)z2MH[(d + 1)z — 1]9 — [dz+ 1)+

T —N — —
pa1(2) pa(2) P,(2) [(d + 1)z — 1]9+2
. H . . (k+1)mi (2k+1)mi
Hence, since e®**U™ = 1, a straightforward computation reveals that T, 1(re =7 )=e =7 Ra(r),

where ,
d(d +1)r29H(d + 1)rd 4 1]9 — gd+1,d+1)

Ra(r) := [(d + 1)rd + 1]d+2
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Theorem B. Let py(z) = z(z9 — 1). Then, A’frpd ,(0) is an unbounded set for every integer d > 0.

. - . . (2k+1)mi
Proof. Consider only the semi-lines that do not cross the dth roots of unity, i.e., z=re d , r >0 and
k=0,1,...,d — 1. By Lemma 5.1, the semi-lines are forward invariant under T, 1. In fact, we have that

(k+1)mi (2k+1)mi
Tpdyl(reJrTl) —e R4(r), where

d(d 4 1)r2d+1[(d 4 l)rd 4 1]d _ dd+1r(d+1)2
[(d + 1)rd + 1]9+2 '

Then, if we can prove that for every r > 0 we have 0 < R4(r) < r, we can conclude that A’frpdl(O) is an

Ra(r) :=

unbounded set for every d. In that case, we can also state that .A*;-p .(0) has at least d accesses to infinity.
d
Since the denominator of Ry is always positive for every r > 0, the inequality 0 < Ry(r) is equivalent to

d(d + 1)@t (d + 1)r? 4+ 1]9 — ¢9+1/d+1)° 5 ¢, (1)
Expanding the last expression using the Binomial expansion, we obtain that inequality (1) becomes

d—1
d(d+1)) (d ‘iJ,) (d + 1Y rd 2441 4 g[(d + 1)9FT — ¢ /d+)° > 0,
j=0

Notice that, since (d +1)9T! — d9 > 0 for every positive integer d, we obtain that the inequality holds for

every r > 0.
The inequality Ry(r) < r can be written as Sy(r) < 0, where S, is defined as

Sa(r) = d(d + 1)r29(d + 1)r? + 1)9 — g9 r[(d + 1)r9 + 1]9F2,

Using the Binomial expansion, we can rewrite the last expression:
-1, o .
Sa(r)y=d(d+1)>_ <d j) (d + 1) rit2d41 4 d[(d + 1)@ — ¢ pld+D)
j=0
d
B Z d+2>(d+ 1)+2,di+2d+1
N

Now, arranging terms,

0
Sa(r) = [d((d + )41 — d) — (d +1)# 2@ - %~ <th> (d + 12,4 +2d+41
j=-2
d—1 J C aes j j
+ Z [d(d+ 1)<d _j>(d+ 1y — <d —j)(d +1) +2] pdi+2d+1

j=0
Observe that d((d + 1)9t! — d9) — (d + 1)9*2 = —(d + 1)9*! — d9+1 < 0 and

d(d + 1)<d‘ij_>(d+ 1y — (‘c’:i)(cw 142 = (d + 1y [d!d—((gjj?))&(!dﬂL 1)] 0.

Hence, all the coefficients of the polynomial S4 are negative. Therefore, we can conclude that for r > 0,
Sq4(r) < r, which completes the proof. O

20 Wzme il full  https://revistes.iec.cat/index.php/reports

,,,,,,,,,,,,


https://revistes.iec.cat/index.php/reports

David Rosado Rodriguez E S @ SCM

It still needs to be proven that the immediate basins of attraction of the dth roots of unity are
unbounded. This is a more challenging part of the proof, as attempting to apply the same arguments used
earlier leads to difficulties in establishing bounds for the expressions. However, a recent study confirms that
this holds for all integers d > 2. In fact, the case of Traub's method applied to the family p(z) = z(z9 —1)
has already been fully resolved [4].

6. Conclusions

With this paper, we are contributing towards demonstrating that the immediate basins of attraction of
the damped Traub's method are unbounded and simply connected sets. We have been able to prove with
complete generality the unboundedness of the method when § ~ 0 and we analyze a particular case, the
family pg(z) = z(z9 —1). Our findings indicate that analyzing the topological properties of this method is
not a straightforward and that a comprehensive proof requires different approaches from those used in [3].
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1. Introduction

The equation that governs all relativistic quantum processes is called Dirac equation. In R3, it is a system
of four complex valued linear PDEs of first order in time and space variables. For a spin-1/2 free particle
of mass m > 0, one can write the Dirac equation in matricial form as

i%ﬂ}(X, t) :(fia-v+mﬁ)¢(xy t)y X€R3, t>0, (1)

where oo = (a1, a2, @3) and 3 are the so-called Dirac matrices,

Y U . (k0 ) (10
aj = (aj 0) forj=1,2,3, and f:= (0 _I2) with b = (0 1),

given by the Pauli matrices

01 0 —i 1 0
"1::<1 0)' “2::<i 0)' "3::(0 —1)'

P1(x, t)
Pa(x, t)
’l,/J3(X, t)
Ya(x, t)
is the so-called wave function of the particle. Here, V = (01, 02, 03) denotes the gradient in R3, and as

customary we use the notation -V = a101 + a20> + a303. In Cartesian coordinates, the differential
operator in the right-hand side of (1) writes as

and where

U(x, t) = ect

m 0 —i63 —i@l — 62
. . 0 m —i01 + O i03
Tl VAmE= 1y Lig—e —m 0
—i01 + O i03 0 —-m

Notice that if one diagonalizes this operator (taking into account boundary conditions), one can solve the
time-dependent Dirac equation (1) using the method of separation of variables. Hence, the time-dependent
problem reduces to a stationary eigenvalue problem of the form

(—ia-V+mB)p=Ap inQQ,
boundary conditions for ¢ on 99,

where Q C R3 is the domain where the particle evolves, p: Q — C#, and the boundary conditions typically
depend on physical constraints. The eigenvalues A provide relevant information to understand the evolution
of the system, hence this motivates their study and understanding. This is what we do in this work, for
some prescribed boundary conditions.
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2. Generalized MIT bag models

Dirac operators acting on domains Q C R3 with C2? boundary are used in relativistic quantum mechanics
to describe particles that are confined in a box. The so-called MIT bag model is a very remarkable example,
which was introduced in the 1970s as a simplified model to study confinement of quarks in hadrons (like
quarks up and down inside a proton). It is the operator Hg defined by

Dom(Ho) := {¢ € HY(Q) @ C*: ¢ = —if(a - v)p on O},
Hop := (—ia- V + mpB)p for all p € Dom(Hop).

Here, v denotes the outward unit normal vector on 92, and H!(Q) is the standard Sobolev space of first
weak derivatives in L2(Q), namely

H Q) = {f € L2(Q) : [Flinay < o0}, where ||l == (IF22q) + [V Fl22) >

For the sake of notation, in the sequel we shall denote H1(Q) ® C* as H1(Q)*, and similarly L?(Q) ® C*
as L2(Q)*.

Motivated by some physical considerations, in [1] it was studied the family of Dirac operators with
confining boundary conditions defined for 7 € R by

Dom(H,) := {p € HY{(Q)* : ¢ = i(sinh 7 — cosh 7 B)(a - v) on HQ},

(2)
Hrp:=(—ia-V+mB)p forall p € Dom(H,).

Notice that the MIT bag model corresponds to 7 = 0 —this was the main reason in [1] to call the
operators ., in (2) generalized MIT bag models. For 7 € R, the operator H, is self-adjoint in L2(Q)*
by [2, Proposition 5.15]. Moreover, from [1, Lemma 1.2] we know that its spectrum o(H,) is contained
in R\ [-m, m] and is purely discrete. In particular, the essential spectrum cess(H) is empty for all 7 € R.
Furthermore, A € o(H,) if and only if =\ € o(H_). Thanks to this odd symmetry, one can reduce the
study of the spectral properties of the generalized MIT bag models to the study of o(H,) N (m, +o00)
for 7 € R.

A spectral study of the mapping 7 — H, was carried out in [1], where the following result was
shown. In its statement, —Ap denotes the self-adjoint realization of the Dirichlet Laplacian in L?(£2), and
o(—Ap) denotes its spectrum.

Theorem 2.1 ([1, Theorem 1.4]). The eigenvalues of H, can be parametrized by increasing real analytic
functions of 7. Moreover, if 7 — XN7) € o(H,) N (m,+0o0) is a continuous function defined on an
interval | C R, then the following holds:

(i) If | = (—o0,19) for some 19 € R, then A(—o0) := lim;|_ A(7) exists and belongs to [m, +00). In
addition,

A(—o0) =
VAp + m? for some A\p € o(—Ap) otherwise.

(ii) If | = (70,4+00) for some 19 € R, then A\(+00) = lim 1o A(7) exists as an element of the
set (m, +o0]. In addition, if A\(+00) < +oc0, then

A(+00) = V/Ap +m?  for some A\p € o(—Ap).

{m if \(7) < \/mino(=Ap) + m? for some T € I,

Reports@SCM, 10 (2025), 23-29; DOI:10.2436,/20.2002.02.47. 25



Convergence of generalized MIT bag models

This result establishes a clear connection between the spectrum of the Dirac operator H, as 7 — 400
and the spectrum of the Dirichlet Laplacian —Ap. In [1, Remark 4.4] it was left as an open question to
investigate which should be the limiting operators of . as 7 — 00, and in which sense the convergence
holds true. The answer was developed in the master’s thesis [3] and then published in [4]. In the present
work, we review the results obtained.

3. Convergence as 7 moves in R

In order to guess who the limiting operators might be, we first make an observation. Writing ¢ € Dom(H.;)
in components® as ¢ = (u, v)T, the boundary condition

@ = i(sinh7 — cosh7 B)(a - V)

rewrites as u = —ie” " (o -v)v. Formally, this equation forces u and v to vanish on 9 in the limits 7 1 +o0
and 7 | —oo0, respectively. This leads to consider the so-called Dirac operators with zigzag type boundary
conditions studied in [6], which are defined by

Dom(Hioo) i= {p = (u, V)T : u € H}(Q)?, v € [3(Q)?, a-Vy € [2(Q)*},

(3)
Hicop := (—ia-V+mpB)e forall p € Dom(H o)
—here H}(2)? is the subspace of functions in H*(Q)? with zero trace—, and
Dom(H_o0) :={¢ = (u, V)T : u € L?(Q)% v e H}(Q)? a-Vy e [3(Q)*}, @

H_oop :=(—ia-V+mpB)p forall ¢ € Dom(H o).

From [6, Theorem 1.1 and Lemma 3.2] we know that H . are self-adjoint in L2(Q)* and that their spectra
are characterized by the spectrum of the Dirichlet Laplacian. More specifically,

o(Hioo) = {—m} U{£V/Ap + m2 : Ap € o(—Ap)},
o(H_oo) = {m} U{\/Ap + m?: \p € o(—Ap)},

and Fm € oess(H1o0) is an eigenvalue of infinite multiplicity.

(5)

Observe that the description (5) of o(Hioo) is in agreement with the limiting spectrum stated in
Theorem 2.1. This heuristically motivates to propose the operators H., defined in (3) and (4) as the
limiting operators of H,, as 7 — +00. To see in which sense the convergence holds true, we study the
resolvent convergence of H, to Hoo as T — F00; see [8, Chapter 8] for a survey on resolvent convergence.

Theorem 3.1 ([4, Theorem 1.2]). Given T € R, let H, be the operator defined in (2). Let Ho and H_o
be the operators defined in (3) and (4), respectively. Then, H, converges to Hi oo in the strong resolvent
sense as T — Fo0. That is, for every f € L?(Q)*

lim [[(Htoo = A) "= (Hr = A) " )flli2i@p =0 forall A€ C\R. (6)

T—+00

!The notation ¢ = (u, v)T refers to the decomposition of ¢: Q — C* in upper and lower components, that is, if ¢ =
(1, 02, 3, 0a)T with @j: Q — C for j =1,2,3,4, then u = (p1,92)T and v = (p3, p4)T.
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A proof of this theorem based on directly estimating the difference of resolvents in (6) can be found
in [3, Section 3.2], and an alternative proof based on the notion of strong graph limit [8, Definition in
p. 293] can be found both in [3, Section 3.1] and in [4, Section 2]. An immediate consequence of this
theorem is the following result, which is an improvement of item (ii) in Theorem 2.1 for the first positive
eigenvalue of H,.

Corollary 3.2 ([4, Corollary 1.3]). For every 7 € R, denote the first positive eigenvalue of H, in Q
by (1) := min(c(H;) N (m, +00)). Then, lim 4100 Aa(7) = /A + m?, where Aq := mino(—Ap) is
the first eigenvalue of the Dirichlet Laplacian in Q.

It is remarkable to point out that Theorem 3.1 does not ensure that the convergence in (6) is uniform in
the unit ball of L2(Q)*, but only pointwise for every f € L?(Q)*. Actually, we now justify that the conver-
gence can not be uniform —in the language of resolvents, this means that #, can not converge to Hio in
the norm resolvent sense as 7 — +00; see [8, Definition in p. 284] or Theorem 3.4 below—: indeed, if there
was convergence in the norm resolvent sense, [9, Satz 9.24] would lead to lim;_, £ Tess(Hr) = Tess(Hit00),
but this is impossible since gess(Hroo) # ) —recall that Fm is an eigenvalue of infinite multiplicity— and
Oess(Hr) = 0 for all 7 € R —because o(H,) is purely discrete.

This argument shows that the essential eigenvalue Fm € 0ess(H1oo) prevents H,. from converging
to H4oo in the norm resolvent sense. It is then natural to ask whether the norm resolvent convergence
could be achieved if, in some sense, the study was restricted to o(H400) \ {Fm}. An affirmative answer
holds true in the following sense. Denote

ker(Hioo = m) = {1 € Dom(Haoo) C L2(Q)* : (Haoo £ m)i = 0},
ker(Haoo = m)* := {@ € L2(Q)*: (p, V) 12y = 0 for all ¥ € ker(Hioo £ m)}.
Since ker(Hioo = m)* is a closed subspace of L?(2)*, the orthogonal projection
Pyi: [2(Q)* — ker(Hioo = m)*: C L2(Q)* (7)
is a well-defined bounded self-adjoint operator in L2(2)*. Moreover, from (5) we know that ker(H.oo +
m)* # {0} and, thus, 1Pl 20— 12(0)s = 1-

Theorem 3.3 ([4, Theorem 1.4]). Given T € R, let H, be the operator defined in (2). Let Hoo and H_o
be the operators defined in (3) and (4), respectively. Then,

lim [ Pe((Haoo — A= (Hr = A Dlliz@psiz@p =0 forall e C\R,
where Py are the orthogonal projections defined in (7).

A proof of this theorem can be found in [4, Section 3]. As we mentioned after Corollary 3.2, the difference
of resolvents (H+oo —A) ™1 —(H,—A)~! does not converge to zero in operator norm as 7 — +00. However,
if we write this difference as

(Haoo = A)7H = (Hr = A)71 = (Pe+ (1= Pe))(Haoe = A) 7 = (Hr = A) ),
then Theorem 3.3 shows that the eigenvalue F¥m is indeed the only obstruction for having norm resolvent

convergence of H, to Hioo as T — £00, since (1 — P1)(L%(Q)*) = ker(Hioo = m).

Although the main interest is the study of the convergence of H; in a resolvent sense as 7 — 400, for
the sake of completeness we also study the convergence when 7 approaches a finite value 79 € R.
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Theorem 3.4. Given T € R, let H, be the operator defined in (2). Then, for every 7o € R, H, converges
to H, in the norm resolvent sense as T — 7g9. That is,
TETOO H(H:I:oo - )\)_1 - (HT - )‘)_1HL2(Q)4—>L2(Q)4 =0 forallAeC \ R.
A proof of this theorem based on the fact that the resolvent operator (H, — A) ! is real analytic in 7 in
a neighborhood of 79 —given by [1, Lemma 3.1]— can be found in [3, Section 3.4]. An alternative proof
based on estimating the operator norm of the difference of resolvents can be found in [4, Section 4].

4. Shape optimization

A hot open problem in spectral geometry is to prove that the first positive eigenvalue A\q(7) of H is minimal,
among all bounded C? domains Q C R3 with prescribed volume, when  is a ball; see [1, Conjecture 1.8].
The analogous statement for the first eigenvalue of the Dirichlet Laplacian, Aq := mino(—Ap), is known
to be true, and it is the so-called Faber—Krahn inequality —proven independently by Faber in 1923 and
Krahn in 1925 [5, 7], asserting that Aq > Ag whenever Q C R3 is a bounded domain with Lipschitz
boundary different from a ball B with the same volume.

As an application of the results obtained in [3, 4] and presented in this paper, we conclude with a
statement supporting (but not proving) the optimality of the ball for Ag(7). On the one hand, 7 +— Aq(7) is
an increasing and continuous function in R, that converges to m as 7 — —oo —by Theorem 2.1— and
that converges to \/Aq + m? as 7 1 400, by Corollary 3.2; in particular, 7 — Aq(7) is bijective from R
to (m, \/Aq + m?). On the other hand, if Q is not a ball, then by the Faber—-Krahn inequality we have
(m,\/Ag + m?) C (m,\/Aq + m?). Therefore, there exists a large enough 7q € R such that \q(7) €
(v/Ng + m2,\/Ag + m?) for all 7 > 7q. Since A\g(7) < \/Ag + m? for all such 7 —by Theorem 2.1 and
Corollary 3.2—, we get the following.

Proposition 4.1. Let Q C R3 be a bounded domain with C? boundary, and let B be a ball such that
12| = |B|. If Q2 is not a ball, then there exists Tq € R such that \g(7) < \q(T) for all T > 1q.

It is very remarkable to say that the large enough 7o € R ensuring the optimality of the ball for the
first positive eigenvalue A\q(7) in the regime 7 > 7o depends itself on Q. Hence, from Proposition 4.1 one
can not ensure that there exists a large enough 7, € R for which Aq(7) > Ag(7) for all 7 > 7, and every
bounded C? domain Q different from a ball B with the same volume. To prove or disprove the existence
of such 7, also remains as an open and challenging problem.
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Monodromy conjecture for Newton non-degenerate hypersurfaces

1. Introduction

The monodromy conjecture is a problem in the field of singularity theory in algebraic geometry, formulated
by the Japanese mathematician Igusa in the seventies, which relates two invariants of a singularity. On the
one hand, the roots of a polynomial arising from a functional equation satisfied by the singularity (the so
called Bernstein—Sato polynomial). On the other hand, the poles of the zeta function (in our setting, the
topological version), which contains information about a resolution of the singularity. More precisely, the
conjecture predicts that every pole of this zeta function is a root of the Bernstein—Sato.

Although the general case remains open, a positive result has been proven for some special cases.
In particular, it is known to be true for plane curves (Loeser '88), for Newton non-degenerate (NND)
polynomials modulo an hypothesis on the so called residue numbers (Loeser '90), as well as in certain
hyperplane arrangements, or also semi-quasihomogeneous singularities.

Both in the cases of plane curves and NND polynomials, a more combinatorial approach is possible,
which simplifies some computations and allows to use some technical cohomological results. Nonetheless,
for the NND case, this comes with the price of adding two hypothesis on the residue numbers. We discuss
the possibility of removing the hypothesis, and show that they do not hold in general. Even more, we
will see that divisors not satisfying them can still contribute to the poles of the topological zeta function,
suggesting that this approach won't work for the general case.

2. Preliminaries

2.1. Complex zeta function and resolution of singularities

Before stating the conjecture, we must introduce the two main objects of the problem: the Bernstein—Sato
polynomial and the topological zeta function. Even more, to give some context and motivation of the
statement, we must first begin with the complex zeta function.

The complex zeta function, for a polynomial f and a test function ¢ (meaning a complex function C*
with compact support), is defined as

Z(s) = Z(f. ¢;s) = /R FP () dx,

where technically we must understand this a distribution in the space of test functions. It can be checked
that Z(s) converges and is holomorphic in the semiplane (s) > 0. lts meromorphic continuation and the
distribution of the possible poles was posed as a problem by I. Gelfand [11, §3.1], and solved in two different
manners.

On one hand, we can use a resolution of singularities (guaranteed in characteristic 0 by Hironaka [12]).
Recall that an embedded resolution of a polynomial f is a proper morphism 7: Y — X such that Y is
smooth, the restriction of 7 outside the singular locus is an isomorphism, and that around each point in
the preimage we have a neighborhood and a chart over which 7*f = u(y)yillv1 . -y,-’rv’ with u(0) # 0 a unit
and N; > 0 integers. From the local expression, we can write the pullback divisor globally as

div(m*f) = > NE;,

jed
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where (E;);c are the irreducible components of 7 ~1(f~1(0)), each E; given in local coordinates by {x; = 0},
respectively. Another relevant numerical quantity that will appear are the coefficients in the global expression
of the pullback of the standard volume form

div(m*(dxy A -+ A dxp)) = > (kj — 1)E;.
jed

In this context, we can use the resolution as a change of variables in the integral and deduce that the
poles of the complex zeta function are of the form —kj,\J,r,V, with v a non-negative integer, and (k;, ;) the

J
numerical data associated to the exceptional divisors, introduced above.

2.2. Bernstein—Sato polynomial

On the other hand, we can introduce the Bernstein—Sato polynomial, which is an analytical invariant (and
not a topological one) of the singularity. First, consider R := C|[xy, ..., x,] (or more generally the ring of
holomorphic functions or even formal power series) and denote & := R(01, ..., 0,) the Weyl algebra. All
elements commute except for the relations 0;x; — x;0; = 1, and so it is easy to show that any element (a
priori only a linear differential operator) can be written as a finite sum P =} 4 a0,3x20P. For a more
gentle introduction and more details on the properties of the Weyl algebra, we refer to [5]. Next, consider
the polynomial ring Z[s] .= 2 ®c C[s] with new variable s, and note that the free module R¢[s] - f* has a
natural structure of left Z[s]-module given by the product rule. Indeed, every element of the module can
be written as & - f* for some g(x, s) € R[s], and the action of the partial derivatives is

() o () e B

The relevant result is then the existence of solutions to the following functional equation, which was first
proven by Bernstein [2] for the case of polynomials, and later by Kashiwara [13] and Bjérk [3] in the cases
of holomorphic functions and formal series, respectively.

Theorem 2.1 ([2]). Let f € R be a polynomial. Then, there exists a polynomial P(s) € Z[s| and a
polynomial bs p(s) € C|s| such that the relation

P(s)f*t = by p(s)f* (1)
holds formally in the Z-module R¢[s] - f*.

The set of polynomials b p satisfying such a differential equation as above form an ideal in C[s], so
we can consider its monic generator: the Bernstein-Sato polynomial of f denoted by b (s).

Example 2.2. For f = x2 +-- -+ x2 we have bf(s) = (s+1)(s+ n/2), as taking P(s) to be the Laplacian
operator (thought as a constant polynomial in Z[s]), we have the relation

82 82 s+1 n s
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Example 2.3. For f = x> + y3 in C[x, y] we have the following relation

190 o 1,0\ 1 7\ [0 5 7
———y—+ = = - (=]t = 1 — — | f°
[1zaxayyax o7 (ay> T <5+ 6) <8x>] (s+ )<5+ 6) <5+ 6> '

and it can be proved that br(s) = (s +1)(s+ 2) (s + &).
Now, having introduced the functional equation (1), the idea is to use it to integrate by parts and

obtain a meromorphic continuation of Z(s) to the whole complex plane, as for any r € N we have

1

Z(s) = be(s+r—1)---be(s + 1)bg(s)

/f(X)s+’¢r(X)dx, R(s) > —r.
o

In this case, it can be seen that the poles of the zeta function are of the form A — v for A a root of b¢(s)
and v a non-negative integer. By comparing this with the previous candidate quantities for the poles, one
arrives at the following result.

Theorem 2.4. Every root of the Bernstein-Sato polynomial bs is of the form —kf,\TV for some j € J and
J

v a non-negative integer.

2.3. Monodromy conjecture

Altogether, the relation between poles of the complex zeta function and the roots of the Bernstein—Sato
is clear. Motivated by this, and after computing some examples, Igusa formulated the conjecture for the
poles of the p-adic zeta function, and later stated in the topological and motivic settings too.

In the topological version, we have left to introduce the topological zeta function, first defined by Denef
and Loeser in [8], who formalized its definition from a heuristic argument taking a limit of the p-adic zeta
function, and showing that the following expression is independent of the choice of a resolution (there is
currently no known intrinsic definition).

Definition 2.5 (Topological zeta function). Let f € C[xy, ..., x»] be a non-constant polynomial, and choose
a resolution 7: Y — A of {f = 0}. The (global) topological zeta function of f is

ZtOP(f;s):—ZX(E;’)H/hLlN_S, E ={JE\|JE forlcCu.
iel ! !

IcJ jel ¢l

Then, it is clear from the expressions that the poles are still related with the roots of the Bernstein—Sato,
as they both contain information from a resolution. However, the difficulty lies, on one side, in determining
which poles remain in the zeta function after possible cancellation, and in the other, what candidate values
in Theorem 2.4 are actually roots. The monodromy conjecture partly answers this, by predicting that every
pole of the topological zeta function is a root.

Conjecture 2.6 (Topological monodromy conjecture). Let f € C[xq, ..., xn] be a non-constant polynomial.
If so is a pole of Ziop(f;'s), then

(i) (standard) e?™®(%0) js an eigenvalue of the monodromy of f: C" — C at a point of {f = 0}.

(i) (strong) sp is a root of the Bernstein-Sato polynomial b¢(s).
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In this work, we always refer to the strong version, which implies the standard (or weak) one thanks to
a result by Malgrange ([20, Proposition 7.1]). So far, the approaches for the solved cases do not provide a
clear conceptual idea why the result should be true, apart from the analogy with the complex zeta function
(see [22, Remark 2.13]).

A key common element in the proofs of the known cases is the study of periods of integrals (see [18, 19]).
These objects allow to relate its asymptotic behavior with the monodromy action (that is, the action of a
generator of the fundamental group of a punctured disk around the singularity of the homology groups of a
fiber X; of the Milnor fiber). Even more, in this context Malgrange is able to prove that certain quantities
appearing in the asymptotic expressions are roots of b¢(s).

Nonetheless, this approach requires the existence of a non-zero cohomology class in H,(X;, C). This
result is precisely what Deligne and Mostow prove in the case of plane curves ([7, Proposition 2.14]),
and Loeser for the case of Newton non-degenerate ([15, Théoréme 3.7]) adapting a result by Esnault and
Viehweg ([9]).

Furthermore, in the case of plane curves, the cohomological result of existence only applies to rupture
divisors of the resolution. For this reason, Loeser complements it with a combinatorial study of a (minimal)
resolution of the singularity, represented in the so called dual graph. In this graph, each vertex represents
a rupture divisor E;, i € J, of the resolution, and the edges are added and modified after each blow up. In
this situation, it is possible to study the quotient k;//N; and the residue numbers (i, j) = kj — N;k;/N; over
the divisors via recurrences in the dual graph. In particular, it can be proven that the only possible poles
contributing to the topological zeta function arise from the rupture divisors, and so the aforementioned
cohomological result is enough.

As for the NND case, in the next sections we will see how the technical hypothesis required for the
cohomological result lead to additional conditions on the residue numbers. We will show that the relevant
hypothesis is the second one, and we will construct examples that prove that they are not always satisfied.
Even worse, we will see that the bad divisors violating it can contribute with non-zero residue to a pole of
the topological zeta function.

3. Newton non-degenerate polynomials

3.1. Definition and properties

Polynomials which are Newton non-degenerate are sometimes also called non-degenerate with respect to
the Newton polytope, or simply non-degenerate. The condition that these polynomials satisfy has a more
combinatorial flavor, as it is easier described by considering the objects that we will introduce next.

We consider a polynomial f(x1,...,xn) = > cnndpxq - Xn such that £(0) = 0. For brevity, we
will use multi-index notation when convenient f(x) = > . apxP, and we define its support to be
supp(f) = {p € N" | a, # 0}.

Definition 3.1 (Newton polyhedron). Let f =} . apxP € C[x] with f(0) = 0. We define the global
Newton polyhedron Tz (f) of f as the convex hull of supp(f). Also, we define the local Newton polyhe-
dron T'(f) as the convex hull of the set {J,cq,pp(r) P+ (R>0)".

We will use the term face of ['(f) to refer to any convex subset 7 that can be obtained by intersecting
the Newton diagram with a hyperplane H of R” such that I'(f) is contained in one of the half-spaces
defined by H. Note that we also consider the total polyhedron as a face.
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Definition 3.2 (Non-degenerate). We say that f is Newton non-degenerate at 0 if for any face 7 C I'(f),

the hypersurface defined by the truncation ™ := }_ ,o(r) apxP satisfies that the polynomials x,-%—’;
for i=1,..., n do not vanish at the same time in (C\ 0)".

This class of NND polynomials is general enough to be of interest, while also allows a more combinatorial
treatment of the problem. We will now see how the polyhedron and its dual fan encode the information of
a good resolution of the singularity. For that, we first introduce some notation.

Definition 3.3 (N, k, F). For a vector a € (R™)", we define the quantities N(a) := inf,cr(r){(a, x)} and
k(a) == >_"_; a;. Also, define the first meet locus F(a) == {x € ['(f) | (a,x) = N(a)}, which is a proper
face of I'(f) if a0, and F(0) recovers the whole diagram.
Definition 3.4 (Dual fan). For 7 a face of ['(f), we define the cone associated to T as

A, ={ac(Rs)"|F(a)=7}/~, a~a iff F(a)= F(d).

The collection of these cones for all faces of the Newton polytope as the dual fan.

As an example, see the following Figure 1, where we consider the plane curve defined by f = x3 — y? +
4xy 4 3x2y, and construct the Newton polyhedron with labeled faces and corresponding truncations (left),
and the associated dual fan (right).

34 Ax
ff=-y* fm=-y* .
] t4 f?'z = -11'-!,1 fT\" = —vyz + dxy
FH = 3 fr=2°+4zy
2 ;
fm=a
1 ]
T,
0 -7 >
0 4

Figure 1: T(f) and dual fan of the polynomial f = x> — y2 + 4xy 4 3x2y.

Next, we recall the following properties of cones.
Definition 3.5 (Cone). A convex polyhedral cone, or cone for short, is a set
C={Avi+ - +Av, € V| >0} =Rsovi +---+Rxovs,
where V is an n-dimensional vector space over R, and the vectors {v;} are called the generators of the

cone. The dimension of C is defined to be the dimension of the smallest vector space containing it.

We say that the cone is simplicial if its generating vectors are linearly independent over R. Moreover,
we will say it is simplicial rational if on top of that the entries of the vectors are integers. We say that the
cone is regular (or simple) if the set of generating vectors can be extended to a base of the Z-module Z".
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Then, the key theorem from toric geometry that we will need is the following.

Theorem 3.6 ([14, pp. 32-25]). Let A be a cone generated by vectors vi, ..., v, € R"\ {0}. There exists
a finite partition of A in cones A;, such that each cone is generated by a subset of linearly independent
vectors of {v1, ..., v, }. Moreover, if A is simplicial rational, a partition in regular cones can be obtained by
introducing suitable new generating rays.

Such a regular simplicial subdivision can be obtained algorithmically (see also [1, §8.2.2]), and in
particular applying it to all the cones in the dual fan, we deduce the next result.

Theorem 3.7 ([1, Lemma 8.7]). There exists a fan consisting of regular simplicial cones which is obtained
as a subdivision of the dual fan associated to the Newton polyhedron.

Remark 3.8. Notice, however, that we haven’'t claimed anything about uniqueness, as there can exist
multiple valid subdivisions in simplicial regular cones.

3.2. Resolution and topological zeta function from the dual fan

Back to resolution of singularities, we know thanks to the result by Hironaka that we always have one, and
that it can be obtained as a composition of blowups. However, in this setup we will obtain a resolution
more directly via a single toric blowup, which we define next (see a more detailed introduction in [21]
and [17], and also [10, 6] for a complete treatment of toric varieties).

Definition 3.9 (Toric blowup). Consider a unimodular integral n x n matrix o = (oj;), and define the
toric blowup (or modification) associated too as the birational morphism

7p: (C7)" = (C7)"

(X1, ooy Xn) > (XM X0 2 X X)X M X,

In particular, if we have a regular simplicial cone in £* of maximum dimension given by vectors {r1,..., rn},
we can consider the unimodular matrixco=(r; r» --- r,)and associate to it the birational map 7, : C —
C", which we ought to think about as one of the different charts of the resolution. With that, we construct
a non-singular variety X as the quotient of the disjoint union | | C, over all the regular cones with the
following identification. Two points x € C] and y € CI are identified if, and only if, the birational
map 7,-1, is defined at the point x and 7 -1,(x) = y.

It can be verified that X is non-singular, and the maps {7, : C2 — C" | o regular simplicial cone} glue
into a proper analytic map 7: X — C".

Definition 3.10 (Associated toric blowup). The map w: X — C" is called the toric blowup (or modifica-
tion) associated with X* at the origin, where X* is a regular simplicial cone subdivision of X.

Finally, we arrive at the result justifying our claim that the geometric properties of the Newton polyhe-
dron contains the information of a resolution for NND singularities.

Theorem 3.11 ([21, p. 101]). If f is Newton non-degenerate, then the associated toric blowup w: X — C"
is a good resolution of f as a germ at the origin.
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In the same combinatorial spirit, it is possible to obtain a more explicit expression for the topological
zeta function. For that, let us first introduce the following terms.

Definition 3.12. Let 7 be a face in ['(f), and consider a decomposition of the associated cone A, =J/_; A;
in simplicial cones of dimension dim A; = / such that dim(A; N Aj) </, for all i # j. Then, define

muIt(A;)
(N(ah)s + k(ah)) T (N(ai/)s + k(ai/))

J(r,s) = Ja/(s), with Ja(s)=
i=1

being aj,, ..., a;, € N” the linearly independent primitive integral vectors that generate A;. Lastly, if 7 =
(), we rather take J(7,s) = 1.

Remark 3.13. By [8, Lemme 5.1.1], the definition of J(7, s) is independent of the choice of the decompo-
sition of A, in simplicial cones.

Theorem 3.14 ([8, Théoreme 5.3]). Let f € C[x]| be a polynomial Newton non-degenerate, then

Z(s)= Y J(T,S)+<S> 3 (~)FmT(dimT)! Vol(r)J(T, ).

s+1
T vertex 7 face of ['(f)
of I(f) dim7>1

As the poles of Z(s) arise from the poles of the terms J(7,s) in the sum, we see that they are still
either —1 or of the form —k(a)/N(a) (see also [16, Théoreme 5.3.1]), which justifies the choice of notation.

3.3. Sketch of the proof and additional hypothesis

We are now ready to sketch the approach by Loeser in the proof of the monodromy conjecture for the
Newton non-degenerate case. One relevant subtlety is, as stated in Remark 3.8, that the regular subdivision
is not unique, and therefore so are the residue numbers. For that reason, Loeser decides to work with toric
residue numbers computed directly from the original dual fan, without performing a regular subdivision.

Definition 3.15 (Toric residue numbers). If 7, 7/ are two distinct faces of codimension 1 of the Newton
polyhedron at the origin of f, we denote by (7, 7’) the greatest common divisor of the minors of order 2
of the matrix (a(7), a(7’)), where a(7) is a primitive integral vector defining the face 7. Additionally, set

A7, ') = k(') — N N(T"),  e(r,7) =X, 7)/B(7. '),

whenever N(7) # 0, which is the case if 7 is a compact face.

However, the drawback is that the resolution obtained from the original dual fan need not be minimal,
and the subsequent computations require special care, leading to the introduction of this 8 factor which
appears as the degree of a finite morphism between singular toric varieties.

Then, the positive result proven by Loeser is the following.
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Theorem 3.16 ([16, Théoreme 5.5.1]). Let f be a comfortable polynomial verifying f(0) = 0, with Newton
diagram T (f), and Newton non-degenerate. Suppose that all compact faces 1 verify

(i) W < 1.

(ii) For every face T of codimension 1 of ['(f), distinct of 79 and having non-empty intersection with T,
we have e(19, 7) ¢ Z.

Then, the real parts of the poles of the zeta function of f are roots of the Bernstein—Sato polynomial of f.

As explained, this is based on a cohomological argument of existence of a non-zero class, which in turn
forces the two stated conditions, the second one basically ensuring that the monodromies are not identity.

k(7o)

Remark 3.17. Loeser already points out in [16, Remarque 5.5.2.1] that if one replaces the condition N(ro) <
1 with ,I\‘,((:‘;)) ¢ N, this is enough to prove the weak version of the conjecture.

As for the second hypothesis, although it is not clear if it is possible to remove, we can try to relax it.
Indeed, one ought to expect that non-positive residue numbers could be allowed to happen, after possibly
generalizing results in the spirit of [7, Proposition 2.14] or [4, Proposition 11.1]. Therefore, we will next
try to construct examples where this is the case, and analyze the contributions of such divisors violating
the condition.

3.4. Constructing counterexamples to the second condition

To begin, it should be mentioned that all examples studied have been checked to satisfy the topological
strong monodromy conjecture (and thus the weak version too). Nonetheless, the relevant findings are
examples where the second condition on the (toric) residue numbers is not met, and even more, where ¢ is
a positive integer.

Even more interestingly, these examples have been motivated geometrically from the Newton polyhe-
dron. More precisely, f is first constructed by introducing monomials xP + y9 4 z" for p, q, r large enough
integers. Then, adding small mixed monomials of the type xSytz" for small enough integers s, t, u, we
obtain small compact faces close to the origin. By choosing the exponents appropriately, we can construct
a polyhedron whose faces have normal vectors as desired. In particular, we can find pairs of adjacent faces
for which the corresponding divisors of the resolution give rise to (toric) residue numbers that are integers.

Figure 2: Example of the construction of [(x® + y® 4 z7 4+ x?yz + xyz? + xy?z).
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As an illustrative example, we consider f = x® + y® + z7 + x2yz + xyz? + xy?z, whose Newton diagram
is depicted in the above Figure 2. The original rays in the dual fan are:

[(0,0,1),(0,1,0),(1,0,0),(1,1,1),(1,1,2),(1,2,1), (3, 1,1), (6,5, 14), (7, 18,5), (23, 7,6)],
and a regular subdivision requires almost 400 new rays. Also, the Bernstein—Sato polynomial is
bre) = (s+ 1) (542 (s+2) (s+5) (s+8) (s+ B) (s+3) (s+ ) s+ D)
s+ s+ E+D ) (+)+DE+ (s +5) (s+3) (s+8) (s+3),
and the (local) topological zeta function (which is the same expression as the global version Theorem 3.14,
but the second sum runs only over compact faces) is
81/4 72/5 70/6 48/7 14
ZO(S) = / - / - / - / + )
s+3/4 s+4/5 s+5/6 s+6/7 s+1

with poles {—3/4, —4/5,—5/6, —6/7, —1}. Therefore, it is immediate that the strong monodromy conjec-
ture holds for this case.

However, we have the ray (1, 1, 2) with candidate pole value 0 = —k/N = —4/5 appearing, and which
is a bad divisor. Indeed, we have the (toric) residue number

£((1,1,2),(7,8,5)) = 2.

In light of this, the next natural question is whether we can discard the contribution of this bad divisor
to the zeta function, and work only with those satisfying both conditions (in the spirit of the case of plane
curves, where a study of the dual graph allowed to discard non-rupture divisors for which we don't have
the cohomological result).

Following the above example, the two divisors with candidate pole value —4/5 are the bad divisor (1, 1, 2)
and also (1,2,1). So we compute the contributions of each divisor to the (local) topological zeta function,
by summing only the terms from cones A; that contain the ray as one of its generating rays. As a warning,
for a ray a this is not the same as simply taking the terms where a fraction m appears, as it can
happen that another ray &’ gives rise to the same candidate pole.

In particular, we find that the residues of the individual contributions are

47 47

s:R_e45/SZO;(1'2'1)(S) - _E, S:R—e4s/5zo;(1'1'2)(5) - _g

so we can't discard the bad divisor.

Remark 3.18. Another remark to point here is that the total residue won't necessarily be the sum of these
residues. Indeed, there can be cones where both rays appear as generating rays (this happens precisely
if the associated divisors intersect), and in that case we would need to subtract the doubly counted
contribution. More generally, an inclusion-exclusion formula should be applied in order to compare the
separate contributions and the total one for divisors with the same candidate pole value.

Altogether, the reasoning and study of the presented example confirms that we can’t omit the additional
hypothesis on the residue numbers required for the proof of the conjecture in the Newton non-degenerate
case and, even worse, that the possible divisors not satisfying it can indeed contribute with non-zero
residue to the poles of the topological zeta function. In other words, the approach by Loeser based on the
construction of a non-zero cohomology class via the mentioned results does not allow to extend the proof
of the conjecture to the general case.

40 -"_|'i]zf T | .’I' https://revistes.iec.cat/index.php/reports


https://revistes.iec.cat/index.php/reports

Oriol Baeza Guasch

E 3 @SCM.

Acknowledgements

The author was partially supported by CFIS Mobility Program, an Erasmus+ grant co-funded by the
European Union and a Santander Erasmus scholarship. The author would like to thank Guillem Blanco
Fernandez and Josep Alvarez Montaner for their supervision of the project, and KU Leuven for hosting him
during its development.

References

[1]

2]

8]

[4]

[5]

[6]

[7]

[8]

V.. Arnold, S.M. Gusein-Zade, A.N. Var-
chenko, Singularities of Differentiable Maps.
Volume 2. Monodromy and Asymptotics of In-
tegrals, Translated from the Russian by Hugh
Porteous and revised by the authors and James
Montaldi, Reprint of the 1988 translation, Mod.
Birkhauser Class. Birkh3user/Springer, New
York, 2012.

J.H. Bernstein, Analytic continuation of gener-
alized functions with respect to a parameter,
Functional Anal. Appl. 6(4) (1972), 273-285.

J.-E. Bjork, Dimensions over algebras of dif-
ferential operators, Département de mathéma-
tiques (1973).

G. Blanco, Bernstein—Sato polynomial of plane
curves and Yano's conjecture, PhD Thesis, Uni-
versitat Politécnica de Catalunya, 2020.

F.J. Castro Jiménez, Modules over the Weyl
algebra, in: Algebraic Approach to Differential
Equations, World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, 2010, pp. 52-118.

D.A. Cox, J.B. Little, H.K. Schenck, Toric Vari-
eties, Grad. Stud. Math. 124, American Math-
ematical Society, Providence, RI, 2011.

P. Deligne, G.D. Mostow, Monodromy of hy-
pergeometric functions and nonlattice integral
monodromy, Inst. Hautes Etudes Sci. Publ.
Math. 63 (1986), 5-89.

J. Denef, F. Loeser, Caractéristiques d’Euler—
Poincaré, fonctions z&ta locales et modifications

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

analytiques, J. Amer. Math. Soc. 5(4) (1992),
705-720.

H. Esnault, E. Viehweg, Lectures on Vanishing
Theorems, DMV Sem. 20, Birkhauser Verlag,
Basel, 1992.

W. Fulton, Introduction to Toric Varieties, Ann.
of Math. Stud. 131, William Roever Lectures
Geom., Princeton University Press, Princeton,
NJ, 1993.

I. Gelfand, Some aspects of functional analy-
sis and algebra, in: Proceedings of the Inter-
national Congress of Mathematicians, Vol. 1
(Amsterdam, 1954), Erven P. Noordhoff N. V.,
Groningen, 1957, pp. 253-276.

H. Hironaka, Resolution of singularities of an al-
gebraic variety over a field of characteristic zero:
II, Ann. of Math. (2) 79(2) (1964), 205-326.

M. Kashiwara, B-functions and holonomic sys-
tems. Rationality of roots of B-functions, In-
vent. Math. 38(1) (1976/77), 33-53.

G. Kempf, F. Knudsen, D. Mumford, B. Saint-
Donat, Toroidal Embeddings 1, Lecture Notes
in Math. 339, Springer-Verlag, Berlin-New
York, 1973.

F. Loeser, Fonctions d'lgusa p-adiques et po-
lynémes de Bernstein, Amer. J. Math. 110(1)
(1988), 1-21.

F. Loeser, Fonctions d'lgusa p-adiques, polynd-
mes de Bernstein, et polyedres de Newton, J.
Reine Angew. Math. 412 (1990), 75-96.

Reports@SCM, 10 (2025), 31-42; DOI:10.2436,/20.2002.02.48.

41



Monodromy conjecture for Newton non-degenerate hypersurfaces

[17]

[18]

[19]

J. MacLaurin, The resolution of toric singulari-
ties, PhD Thesis, School of Mathematics, The
University of New South Wales, 2006.

B. Malgrange, Sur les polyndmes de |. N. Bern-
stein, in: Séminaire Goulaouic—Schwartz 1973-
1974: Equations aux dérivées partielles et anal-
yse fonctionnelle, Exp. No. 20, Ecole Polytech-
nique, Centre de Mathématiques, Paris, 1974,
10 pp.

B. Malgrange, Intégrales asymptotiques et
monodromie, Ann. Sci. Ecole Norm. Sup. (4)
7 (1974), 405-430.

[20] B. Malgrange, Polyndmes de Bernstein—Sato et

cohomologie évanescente, Astérisque 101-102
(1983), 243-267.

[21] M. Oka, Geometry of plane curves via toroidal

resolution, in: Algebraic Geometry and Singu-
larities (La Rébida, 1991), Progr. Math. 134,
Birkhauser Verlag, Basel, 1996, pp. 95-121.

[22] W. Veys, Introduction to the monodromy con-

jecture, in: Handbook of Geometry and Topol-
ogy of Singularities VII, Springer, Cham, 2025,
pp. 721-765.

42

[ ,'I" https://revistes.iec.cat/index.php/reports


https://revistes.iec.cat/index.php/reports

3 @SCM

AN ELEC URNAL OF THE
SOCIETAT CATALANA DE MATEMATIQUES

Existence of non-convex rotating
vortex patches to the 2D Euler equation

Gerard Castro Lopez

ETH Zurich
gcastro@student.ethz.ch

- Societat

s
Illwllilll

i ot

( atalans

Resum (CAT)

Els unics exemples explicits de vortexs en rotacié uniforme a les equacions d'Euler 2D
sén els cercles i les ellipses. Els altres exemples dels quals es coneixen propietats
quantitatives sén propers a aquests.

En aquest article presentem |'existencia de vortexs no convexos, lluny dels regims
pertorbatius, podent obtenir-ne una descripcié quantitativa precisa. Per demostrar-
ho utilitzem una combinacié d’analisi i técniques de demostracié assistida per
ordinador.

Abstract (ENG)

The only explicit examples of uniformly rotating vortex patches to the 2D Euler
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1. Introduction

The behavior of ideal, incompressible fluids is governed by the Euler equations, a set of partial differential
equations derived by Leonhard Euler in the 1750s. In two dimensions, these equations can be formulated
in terms of vorticity, w, which measures the local rotation of the fluid in the following way:

0w + (K *w)-Vw =0 inR?x [0, 00),
w(+,0) = wo(+) in R?,

€
where K(y) = ﬁ A special class of solutions, known as vortex patches, occurs when the initial vorticity
is constant within a defined region Dy and zero elsewhere. The vorticity remains constant along particle
trajectories, so the patch simply deforms over time. A more exhaustive introduction with more detailed
computations can be found in [10].

This study focuses on a particular type of vortex patch called a V-state, which is a patch that rotates
with a uniform angular velocity (2) without changing its shape. Mathematically, if a patch is defined by a
domain Dy at time t = 0, its evolution is given by D(t) = M(Q2t)Dy, where M is a rotation matrix.

The boundary of the patch 9Dy, parametrized in polar coordinates by the function R(«), must satisfy
the following non-local integro-differential equation:

R(a)R'(a) = FIR], (1)

where F[R] is an integral operator given by:

2w o—
FIRl= g [ costa—A)1og (Ra) - R +aR(@)R()sin? (“57 ) ) (RE@)R'(5) - R(@R(3) d
21 o—
+amg | st ((R@)-RE)+aR(@)RE) st (257 ) ) (RER(3) + R(R (5) 0.

1.1. Previous work

The circle is a trivial solution, and in 1874, Kirchhoff ([9]) proved that ellipses are also V-states. Apart from
these, no other explicit solutions are known. In the 1970s and 80s, numerical studies by Deem—Zabusky [3]
and others revealed families of V-states with m-fold symmetry bifurcating from the circle, suggesting a rich
variety of solutions beyond the classical examples.

Theoretical progress followed, with Burbea [1] and Hmidi, Mateu, and Verdera [6] proving the existence
of local bifurcation branches from the disk for every integer symmetry m > 3. More recently, global
bifurcation curves were constructed by Hassainia, Masmoudi, and Wheeler [5]. However, these powerful
theoretical tools provide existence but lack quantitative information about the solutions far from the initial
bifurcation point. This is a critical limitation because proving properties like non-convexity requires precise
knowledge of the solution's shape. A general argument for all m-fold branches will fail, as the branch
for m = 2 is known to be convex and for m = 3 it is expected.

This paper addresses this gap by providing the first positive existence result with quantitative information
for a V-state far from the perturbative regions around the circle or ellipses. We prove the existence of a
non-convex, 6-fold symmetric V-state.

Due to length constraints, most proofs are omitted from this article. A more thorough explanation of
the results is detailed by Gémez-Serrano and the present author in [2].
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1.2. Results

Theorem 1.1 (Main theorem). There exists an analytic solution R(x) of the V-state equation (1), with

Q= %, such that its associated vortex patch D C R? is non-convex and has 6-fold symmetry. See
Figure 1.

Corollary 1.2. There exists § > 0 such that for any angular velocity in (QQ — 6,Q + 0) there exists an
analytic solution R to (1) with 6-fold symmetry, where S is the angular velocity given by Theorem 1.1.

Figure 1: The boundary 9D is a curve contained in the plotted line.

Proof of Theorem 1.1. In Section 2 we prove the existence of a solution close to Ry, in Section 3 we prove
the analyticity and non-convexity and in the last Section 4 we explain the computer assisted parts of the
proof. O

2. Existence

Our approach is to formulate the problem as a fixed point equation and solve it using a combination of
analytical estimates and rigorous numerical computations. The core idea is to find an approximate solution
and then prove that a true solution exists in its vicinity.

2.1. Fixed point equation around the approximate solution

The first step is to find a highly accurate approximate solution, Ry(x). We define it as a truncated Fourier
series with 6-fold symmetry (m = 6):

No
Ro(x) := Z ¢k cos(kmx)
k=0
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with Ny = 30. The coefficients ¢, and the angular velocity Q are chosen to make the error of this
approximation, E[0](x) = R{(x)Ro(x) — F[Ro](x), as small as possible. We seek a true solution R(x) as a
perturbation of Ry(x):

R(x) = Ro(x) + v(x) where v(x)= /OX u(y) dy. (2)

Here, u is a function in L2([0, 7/m]) and @ is its odd, 27/ m periodic extension. This formulation is designed
to fix the scaling and rotation symmetries of the problem while preserving the m-fold symmetry.

Taking the Fréchet derivative of the equation (1), we can write the equation for the perturbation as
Lv = E[0] +N[v], where L is a linear operator and N, [v] = O(v?) is nonlinear. Using the expression (2)
and the symmetries of &I, we write this equation in terms of u in the following way:

Lu(x) = E[0](x) + N_[u](x) Vx€[0,7/m].
e [ is a linear operator defined as Lu := u + fgr/m K(x, y)u(y) dy, where K is a L2(]0, %]2) function
that depends on the approximate solution Ry in a nontrivial way.

e FEg is the error of the approximate solution Ry as we have mentioned before.

e N, is a nonlinear operator that contains higher-order terms of the perturbation w.

If we prove that L is invertible, the problem is now reduced to showing that the operator Gu :=
L=Y(E[0] + N.[u]) has a fixed point in a small ball around the origin in an appropriate function space. We
choose the space L?([0, m/m]) and seek a solution u within a ball of radius e = 3 - 1075.

2.2. Inverting the linear operator

A direct inversion of the operator L is not feasible, since it depends very nonlinearly (and non-locally)
on Ry. Instead, we use a computer assisted approach. The main idea to prove the invertibility of L is to
first approximate L by Lg = ldentity + Finite Rank, then prove the invertibility of Lg and finally prove that
the approximation error L — Lg is small enough, making L invertible via a Neumann series.

Definition 2.1. Let {e,(x)}, be the normalized Fourier basis of X,, = L?([0, Z]). Also let N = 201, and
Eny = span{e,,},’)’:1 be the subspace generated by the first N vectors. Similarly, let Eﬁ be its orthogonal
subspace. We will also define Lp = I + Kg: X, = X, where Kg: Eny — Ep is given by

s N
Kelu] = / Ke(x,y)uly)dy with Ke(x,y):= Y Acsen(x)ely),
0 k=1
where Ay ; is finite explicit matrix very close to the projection of the operator K(x, y) to the Ep subspace.

The proof of the next lemma is computer assisted and will be explained in Section 4.
Lemma 2.2. The matrix | + A is invertible and satisfies ||(I + A)~||2 < G, with G, := 8.8.

Lemma 2.3. The operator L is invertible and ||Lz |2 < G with C; := 8.8.
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Proof. Let Py be the projection operator onto Ep. Using that KXr = PyKr = KePpn, Lr decouples
in En @ Ej; as

" (/EN +A 0 ) _

F = 1 |
0 Ig,
then as Ep is a finite dimensional vector space, to invert /g, + A we have to invert the corresponding
matrix, and the identity in E,# is trivially inverted, so
LM o= (Ig, + A)'Puf + (1 — Pp)f.
We can conclude that Lg is invertible. Moreover
ILE Flle = IPNLE Fll2 + 1101 = PRLE 2 < [I(ley + A) HlallPafll2 + (10 = Pr)fll 2
< max{||(fg, + A) " l2, LI 2,

hence its norm is bounded by G, because by Lemma 2.2, |[(/ + A)7}|» < G and 1 < G,. O

The proof of the next lemma is again computer assisted and it will be explained in Section 4.

Lemma 2.4. The error of approximating the operator L by Lf satisfies |L— Lg||2 < C3, with C3 := 0.085.

We can now state and prove the main result of this subsection.

Proposition 2.5. The linear operator L: X,, — X, is invertible. Moreover ||L1||» < C; = 35.

Proof. Using that Lfg is invertible, we can write
L=Le(I+LFY(L - LF)).

We can then invert / 4 L;l(L — LF) using a Neumann series because due to Lemmas 2.3, 2.4 we have that
||L,E1(L — LF)|l2 < GoG < 1. As Lf is also invertible, we can conclude that L is invertible and

G 8.8

LYo = (1 + LZY(L — LE))ILEY, < =
1L 2 = [I(F + L™ (L — LF)) FH2—1_C2C3 0.252

<35:C1. O

2.3. Solving the fixed point equation

The goal is to use Banach Fixed Point theorem to prove the existence of solutions. For this we need control
over the Lipschitz norm of G. We are going to state a proposition that together with the estimates on L~}
is going to allow us to prove the existence of a fixed point.

Proposition 2.6. We have the following bounds on the nonlinear terms:
(i) IE[0]ll2 < eo,
(ii) [INLulll2 < Gsllull?.
(iii) |NL[u1] = Ni[uo]ll iz < €Cllur — w212

for eg := 3 - 107" and some explicit positive constants Cs, C.
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The proof of the bound on the error of the approximate solution, the first bound of last lemma, is
computer assisted. The rest of them are estimated by hand.

The next proposition is the main one of this section.

Proposition 2.7. The operator G[u] := L~(E[0] + N_[u]) has a fixed point in the ball of radius e.
Proof. We check that the operator maps the ball B(0) into itself:
IG[ulll2 < Gi(eo + Gse?) <ce,
and that it is Lipschitz
1G[t1] = Glwa]ll 2 < CuCeellur — w2l 2 < [Jur — w2 2.

In both inequalities we have checked that the explicit values of the constants satisfy them. We conclude
by Banach Fixed Point theorem. O

Once we have proven the existence of this solution it is possible to check that indeed R = Ry + [ @i
satisfies equation (1).

3. Non-convexity and improved regularity

3.1. Proof of non-convexity

To prove this, we first note that using Holder inequality and the bound [jul|;2 < € we get the following
enclosure for the solution R(x)

Rif 1= Ro(x) — /%|sin(mx)| < R(x) < Ro(x) — %|sin(mx)| = Ruup(X).

The quantitative control we have on the solution allows us to rigorously prove its non-convexity. Let's
define Py, P the points on the boundary of the patch at angle 0, 2r/m. We will then prove that R(7w/m) <
‘w‘ so the midpoint does not belong to the domain of the patch D.

R(m/m) < Rap(m/m) = Ro <%> + 6\/: < Ro(0) cos (%) = ‘Po Z Py

where the explicit inequality in the middle is checked using interval arithmetic with the computer.

3.2. Further regularity

We initially proved that R is an H! function. However, we can show that it is much smoother.
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1. C* Regularity: We use a bootstrapping argument. By rewriting the V-state equation, we show that
if the k-th derivative O¥R is bounded, then 9**1R is also bounded, and by induction, R is C*. The
argument involves carefully differentiating the non-local equation and controlling the singularities in
the integral kernels to obtain the following inequality:

1
[0" 2Rl £ 1+ 6(1+ (|9 RIS) 0472 R 1 + <0 RY %,

for a sufficiently small § > 0.

2. Analyticity: To prove that the boundary is analytic, we rephrase the problem as a free boundary
elliptic problem for the stream function . Then we can explicitly check that the gradient is not
vanishing in the boundary. Once we have this the analyticity is a direct consequence due to [8,
Theorem 3.1'].

4. Computer assisted estimates

The proof of the main theorem has strongly relied in using the computer to perform difficult computations.
We will explain in which steps and how we were able to obtain the required bounds. We refer to [4] for a
thorough overview of computer assisted proofs in PDEs.

To perform rigorous computations with a computer, we cannot use floating-point arithmetic, as the
results would not be rigorous because we have no control over the rounding error. Therefore, we must use
interval arithmetic. Interval arithmetic treats numbers as intervals, where the interval bounds are numbers
representable with a fixed number of digits. In this arithmetic, operations are defined between intervals in
such a way that for all numbers belonging to an input interval, the result of the operation is guaranteed
to be included in the final output interval. This method allows for the propagation of errors to ultimately
obtain an interval that contains the exact result.

We used the C++ library Arb for these computations [7]. The key computer assisted steps were:

¢ Bounding the matrix inverse: Finding a rigorous upper bound for ||(/ + A)~!||» by computing a
lower bound for the minimum eigenvalue of the symmetric matrix (I + A)T(/ 4 A).

e Bounding integrals: Using high-order quadrature rules with rigorous error bounds to compute norms
of functions involving difficult integrals, such as the error of the approximate solution ||E[0]||;2> and
the approximation error of the linear operator ||K — KFHL){L;Ov I|K — KFH@L;,O. Special care was taken
to handle the logarithmic singularities in the integrands.

¢ Verifying final inequalities: Checking the conditions for the Banach Fixed Point theorem and the
final non-convexity inequality by plugging in the rigorously computed bounds for all constants.

The numerics required a nontrivial amount of computing size; for instance, bounding the error of the
approximate solution to the order of 10~/ took about 9 hours in 64 CPUs, and the bounding of the error
of the kernel approximation took 29 hours in also 64 CPUs.
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Una estrategia per estudiar varietats algebraiques és construir invariants algebraics
que mesurin les seves singularitats. Sobre els nombres complexos, destaquen els
ideals multiplicadors i els nombres de salt. En caracteristica positiva, les seves
contraparts sén els ideals de test i els F-nombres de salt. En aquest projecte,
calculem els ideals de test i F-nombres de salt de corbes planes quasi-homogenies,
aixi com de les seves deformacions a nombre de Milnor constant, per una quantitat
infinita de caracteristiques p > 0. En aquests casos, veiem que els ideals de test
sén la reduccié modul p dels ideals multiplicadors.

Abstract (ENG)

A common approach to studying algebraic varieties is through algebraic invariants
that measure their singularities. Over the complex numbers, a celebrated example
of such invariants include the multiplier ideals and the jumping numbers. In positive
characteristic, their counterparts are the test ideals and F-jumping numbers. In this
work, we compute the test ideals and F-jumping numbers of quasi-homogeneous
plane curves, as well as their one-monomial constant Milnor number deformations,
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1. Introduction

A challenge that lies at the heart of modern algebraic geometry is the classification of algebraic varieties
which, in particular, encompasses the characterization of their singularities. The most common approach
to this problem is to construct algebraic and geometric invariants to quantify the singularities.

In birational algebraic geometry over the complex numbers, or more generally, over fields of characteristic
zero, one can take advantage of the existence of a resolution of singularities to construct invariants. A
celebrated example of such invariants is the family of multiplier ideals. Given a hypersurface defined by the
vanishing locus of a polynomial f, the multiplier ideals 7 (f*) form a family of ideals indexed by nonnegative
real numbers A\ € R>q. These give a descending chain of ideals J(f*) 2 J(f*) whenever A < u, which
in addition is right-semicontinuous, meaning that J(f*) = J(f**¢) for some £ > 0. The values A\ > 0
where the chain jumps, that is, J(f}~%) 2 J(f) for arbitrarily small € > 0, are known as the jumping
numbers of f. The smallest jumping number among them is called the log-canonical threshold. By means
of the resolution of singularities, one can show this set rational and discrete. References are made to [6].

The multiplier ideals and jumping numbers encode the singularities of the hypersurface determined
by f in subtle ways. Suppose, for instance, that the vanishing locus of f is a curve C in the complex
plane with a singularity at the origin. If one deforms C into a new curve C’ while preserving the analytic
type of the singularity, then the entire family of multiplier ideals remains unchanged. On the contrary, if
the deformation only preserves the topological type, then the jumping numbers still agree, although the
multiplier ideals may, in general, differ.

Over fields of positive characteristic p > 0, there is no resolution of singularities available for varieties
of arbitrary finite dimension. In this setting, the Frobenius endomorphism, or p-th power map, serves as a
substitute tool. The test ideals, which play the role of the multiplier ideals, were introduced by Hochster
and Huneke as an auxiliary tool in tight closure theory [5], and were later refined by Hara and Yoshida [4].
We shall adopt the construction of Blickle, Mustatd, and Smith (see Definition 2.9), which generalizes
earlier definitions [3]. In brief, the test ideals 7(f*) of a polynomial f are a nested, right-semicontinuous
family of ideals indexed over the nonnegative real numbers A € R>q. The spots where the chain of test
ideals “jumps” are the F-jumping numbers of f, the smallest of which is the F-pure threshold.

It is a well-established fact due to Mustatd, Takagi, and Watanabe, that if f is a polynomial defined
over the integers, the log-canonical threshold of f can be recorvered from the F-pure thresholds of the
reductions f, of f modulo a prime p, as p — oo [9]. A profound conjecture in arithmetic geometry, the
weak ordinarity conjecture, proposes a further connection, namely, that the test ideals of the reductions f,
can be calculated by reducing the multiplier ideals modulo p, for all primes in a Zariski-dense set [8]. In
this sense, the theories of multiplier ideals in characteristic zero and test ideals in positive characteristic
are closely analogous.

Test ideals and F-jumping numbers are notoriously difficult to compute. In the few cases where explicit
descriptions are known—such as elliptic curves, diagonal hypersurfaces, determinantal ideals of maximal
minors, or ideals invariant under the action of a subgroup of a linear group, the calculations rely on the
arithmetic or combinatorial properties of the variety. A naive yet effective approach to obtain 7(f*) is to
calculate the ideals p®-th roots of f, denoted Cf, - f" (see Definition 2.5), for a fixed integer e > 0. As
n > 0 ranges over the natural numbers integers, one obtains descending chain of ideals

Ce-fODCs-fDCE-f2D..-DCs-f"DCS-F"1D ...

which, in essence, contains all the test ideals of f, and codifies the F-jumping numbers.
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In this work, we begin by studying quasi-homogeneous plane curves C over a perfect field K of charac-
teristic p > 0, that is, curves in K? given as the vanishing locus of a polynomial of the form f = x? + y?,
with a, b > 2. For these, we observe the ideals of p®-th roots, and consequently the test ideals are monomial
ideals for sufficiently big characteristics p > 0. To determine the F-jumping numbers, we pose a linear
integer programming problem, and provide its solution.

We then turn to deformations C’ of the original curve C, which are curves given as the zeros of
polynomials g = f + ), tix®yPi We restrict ourselves, however, to one-monomial deformations g =
f +tx*y?. From the algebro-geometric standpoint, it is most natural to consider deformations that preserve
the singularity type of C at the origin, namely, constant Milnor number deformations. In this setting, we
again find that the p®-th roots and test ideals are monomial.

For all sufficiently large primes such that p = 1 (mod ab), we describe explicitly the chains of pé-th
roots, test ideals, and F-jumping numbers, and observe that they coincide for f and g. Finally, we note
that the test ideals in this setting arise as reductions modulo p of the corresponding multiplier ideals.

2. Invariants of singularities in characteristic p > 0

Throughout, let R denote a ring of characteristic p > 0, and let F: R — R, f — fP, be the Frobe-
nius endomorphism of R. For a nonnegative integer e > 0, the e-th iterated Frobenius is the endomor-
phism F€: R — R, f — fP°. In this section we introduce invariants of singularities in positive characteristic
of interest to us. Often, these are referred to as F-invariants for they originate from the action of the Frobe-
nius on R.

Restriction of scalars along F¢ endows R with an exotic R-module structure denoted FER. Its elements
are written as F{x for x € R. As an abelian group with respect to addition, FR is isomorphic to R.
The action of R on FER is given by restriction of scalars: r - Féx = F&(rP°x), for r € R, F€x € FER.
A Noetherian ring R of characteristic p > 0 is said to be F-finite provided FSR is a finite R-module for
some e > 1 (equiv. all e > 1).

Example 2.1. Let R = K|[xi, ..., x»] be a polynomial ring over a field K of characteristic p > 0. If K is
perfect, i.e. the Frobenius F: K = K is an automorphism of K, then FZR splits as

FER ~ @ RFfX{l--'X,';",

0< i1, in< p®
therefore R is an F-finite ring, and F£R is a finite free module with basis {fo{1 . -x,’;" [0 < i1, ... ,in < p}.

In the sequel, we will refer to this as the standard basis of FZR.

2.1. Frobenius powers and p®-th roots of ideals
Let R be a regular F-finite ring of characteristic p > 0.

Definition 2.2. Let / be an ideal of R. For an integer e > 0, the e-th Frobenius power of / is the ideal

1Pl = FE(NR = (fP° | F e ).
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Remark 2.3. One checks that if | = (f, | A € A) is a generating set for /, then /IP] = (f/\pe | A e ),
hence I[Pl C IP°. The reverse containment holds when | = (f) is principal, that is, ()Pl = (£)P°, thus
Frobenius powers and regular powers coincide for principal ideals.

A sort of “converse” operation to the Frobenius power is the ideal of p®-th roots of an ideal /. These
were introduced in [1] in the principal case under the notation /¢(f), and later on exploited in [3] to give
an alternative definition of the test ideals (see Section 2.2), using the notation /[/P°1.

Definition 2.4. A Cartier operator of level e > 0 is an R-linear map FFR — R. The set of Cartier operators
of level e > 0 has a natural R-module structure, which we denote by Cg := Homg(F£R, R).

Definition 2.5. Let / be an ideal of R. For an integer e > 0, the ideal of pé-th roots of / is the ideal
Co-l=(o(Ff) | peCpr, fel).

Remark 2.6. If R is a regular and F-finite, Cg - | is characterized as the smallest ideal of R in the sense of

inclusion such that / C (C§ - 1)lP°].

Proposition 2.7 ([1], [3, Proposition 2.5]). Suppose that FER is a free R-module with basis Fxi, ..., FExp.
For an ideal | = (fy, ..., fm) of R, let

Fefi= ) fiFx
1<j<n

be the expression in the basis of fj, i =1,...,m. ThenCg -1 =(f; |1 <i<m, 1<) <n).

We collect below a few facts about p®-th roots that will be useful later on; for a proof, we refer the
reader to [3, Lemma 2.4].

Lemma 2.8. Let I, J be ideals of R, and d, e > 0 be nonnegative integers.
(i) If1 C J, thenCg -1 CCf - J.
(ii) One has that J-(C& 1) =Cg - (I - JIP).

(iii) One has that C - | = C&+¢ . 1Pl In particular, if I = (f) is principal, then C§ - f = C&+e . £P°.

2.2. Test ideals, F-jumping numbers, and v-invariants

Let R denote regular F-finite ring of characteristic p > 0. We now introduce the generalized test ideals of
an ideal in R, as defined in [3], along with their associated invariants. Throughout, we denote by [x] the
ceiling of a real number.

Definition 2.9. Fix an ideal / of R. The test ideal of / with exponent A\ € R>q is

(1) = Jcg-

e>0

Remark 2.10. It can be shown that the p®-th roots appearing on the right-hand side give an ascending
chain of ideals, which eventually stabilizes because R is Noetherian, therefore (/") = Cg - 1?1 for e > 0.
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Since pe-th roots preserve inclusions (Lemma 2.8), so do test ideals, that is, 7(/*) D 7(/*) whenever
A < p. It follows the test ideals give a descending family of ideals obtained as A ranges over the nonnegative
real numbers. This chain is right semi-continuous in the following sense:

Theorem 2.11 ([9, Remark 2.12], [3, Corollary 2.16, Theorem 3.1]). Let | be an ideal of R.

(i) For each A\ > 0, there exists ¢ > 0 such that T(1") = 7(1*¢).
(i) There exist real numbers A > 0 such that 7(1*=%) D 7(I*) for all ¢ > 0.

Definition 2.12. A positive real number A > 0 is an F-jumping number of an ideal / of R provided
(1*%) D (1Y), for all & > 0.

The F-pure threshold of /, written fpt(/), is defined as the infimum among the F-jumping numbers of /.
It is characterized by fpt(/) = sup {\ > 0| 7(/*) = R}.

Theorem 2.13 (Skoda's theorem, [3, Proposition 2.25]). Suppose that | is an ideal generated by n ele-
ments. Then 7(1*) = I - 7(1’~1) for every real number A > n.

The result below shows that the log-canonical threshold of a polynomial with integer coefficients can
be recovered from the F-pure thresholds of the reductions modulo p:

Theorem 2.14 ([9, Theorem 3.4]). Let f € C[x1, ..., xs] be a polynomial with rational coefficients. For a
prime number p > 0, let f, € Fp[xi, ..., x| be the reduction of f modulo p. Then

lct(f) = lim fpt(f,).

p—00

It is conjectured that the statement above generalizes, in a sense, to multiplier and test ideals. Before
announcing it, let us remark that if s is a Zariski-closed point in the spectrum of a finitely generated
Z-algebra A, that is, s is a maximal ideal of A, then the quotient A/sA has positive characteristic.

Conjecture 2.15 (Weak ordinarity conjecture, [8, Conjecture 1.2]). Let | be an ideal in the polynomial
ring C[x1, ..., xn]. Suppose that | can be generated by elements in a finitely generated Z-subalgebra A
of C[x1, ..., xn]. Then there exists a Zariski-dense subset S of Spec A consisting of closed points such that

TJ(IMs =7(12), forall A>0,
for every s € S, where Is’\, j(l’\)s denote the image under A — A/sA of 1* and j(l)‘), respectively.

Closely related to the F-jumping numbers are the F-thresholds introduced in [9]. Their definition is
based on a different family of invariants, namely, the v-invariants, which are of interest by themselves.

Definition 2.16. Let /, J be ideals of R such that /| C v/J, where v/J denotes the radical of J. The
v-invariant of level e > 0 of | with respect to J is

v (p¢) = max{n>0] " C JP,

Let us denote by v7(p®) the set of v-invariants of level e > 0 of /.
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Definition 2.17. Let /, J be ideals of R such that / C v/J. The F-threshold of I with respect to J is

()= lim M

e—00 pe

Theorem 2.18 ([3, Corollary 2.30, Theorem 3.1]). The set of F-jumping numbers of an ideal | coincides
with the set of F-thresholds c?(I) of | obtained as J ranges over all the ideals of R satisfying | C \/J. In
particular, both sets are rational and discrete.

In computing F-thresholds, different ideals J, J' containing / in their radical may give raise to the same
F-threshold. Instead, however, one can look at the spots where the chain of ideals below jumps:

...;)C’e?./f—l QCE-IrQCE-I'H D...
Definition 2.19 ([10, Proposition 4.2]). The set of v-invariants of level e > 0 of an ideal / of R is

vi(p*) = {r=0]Ch- 1" 2C5- 1",

2.3. Chains of p°-th roots and r-invariants

Through this section, let R=K|xi, ..., x4] denote a polynomial ring over a field K of characteristic p>0. We
are interested in obtaining the test ideals 7(f*) of a polynomial f € R. Skoda's theorem (see Theorem 2.13)
shows that 7(f*) = (f)7(f 1) for every real number A > 1, hence it suffices to look at test ideals
with 0 < A < 1. In this case, by Remark 2.10, one has that 7(f*) = C& - f" for some integer r < p®. Aside
from test ideals, we are keen on p®-th roots Cp - f". By writing n uniquely as n = sp® + r, with s > 0,
0 < r < p® it follows from Lemma 2.8 that C; - " = (f)° - Cg - f". Altogether, this shows it is enough to
consider the ideals in chains of the form

R=CR-f2CR-f2Ch-f22--DCR-fF2DCH 1. (1)
Definition 2.20. We refer to (1) as the chain of ideals of p®-th roots of f.
Lemma 2.21. For a polynomial f € R, one has that vz (p€) = (v§(p®) N[0, p€)) + pZ>o.

Notation 2.22. If u = (u1, ..., ug) € Z<, is a multi-index, we let x be the monomial x* = x;"* - - - x}.

Perhaps, the most straightforward way to detect a jump Cg - f" 2 Cg - f+1 in chain (1) is to test
if a monomial x“ in Cg - f" drops from Cp - f™+1 which means r is a v-invariant attached to f and the

monomial x%. While this technique is standard in the field, to the best of our knowledge, the invariant “r
has not been assigned a name in the literature. We therefore introduce the following definition:

Definition 2.23. We define the r-invariant of level e > 0 of f with respect to a monomial x¥ by
re(fix") =sup{neZ|x*e€Cp-f"}.
Lemma 2.24. Let f € R be a polynomial. Suppose that f is not a monomial.
(i) For all monomials x in R, 0 < rg(f, x%) < p® — 1.

(ii) Every r-invariant of f is a v-invariant.
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When every ideal in the chain of p®-th roots of f is monomial, the converse to Lemma 2.24 holds. In
spite of how restrictive this latter condition may seem, we will come across it in Section 3.

Lemma 2.25. Let f € R be a polynomial that is not a monomial. Suppose that every ideal in the chain
of pe-th roots of f is monomial.

(i) One has that v2(p®) N[0, p®) = {rg(f; x4) | x4}.

(ii) For an integer 0 < n < p®, one has that Cg - f" = (x4 | rg(f; x%) < n).

3. ldeals of p°-th roots of plane curves

In this section, we describe the invariants previously introduced, for quasi-homogeneous plane curves defined
over perfect fields of characteristic p > 0, for infinitely many primes, and their one-monomial constant
Milnor number deformations. Throughout, let [x| and [x] be the floor and ceil functions, respectively.

Remark 3.1. Let R = K|[x1, ..., xq] be a polynomial ring over a perfect field K of characteristic p > 0,
so FER is a free R-module with standard basis {Fx;'---xJ | 0 < i1, ..., ig < p¢} (Example 2.1). Given
a monomial x{’l-~~xsd, write each exponent uniquely as u; = s;p€ + r;, with s; > 0, 0 < r; < p®, for
i=1,...,d. Then

FEQ™ - oxfe) = oot FEO i)

is the basis expression of x;™ - - ~x§'c’. Note that s; = |u;/p€], and r; is the only integer 0 < r; < p® with
ui = ri (mod p¢). This calculation extends linearly to polynomials of R.

Definition 3.2. In the setting above, we say the monomials x;" - -- x4, x* - - - x;* appear with the same
basis element if FEx;" - x 7, FEx{* - -- x; lie in the same rank-one free R-submodule of F£R spanned by
an element of the standard basis of FER. This is equivalent to u; = v; (mod p¢), fori=1,...,d.

3.1. Ildeals of p%-th roots of quasi-homogeneous plane curves

Definition 3.3. Let K be a field. A quasi-homogeneous plane curve defined over K is the vanishing locus
in K2 of a polynomial of the form f = x? + y?, where a, b > 2. For simplicity, we will refer to the
binomial f = x? 4 y? as the quasi-homogeneous plane curve.

From now on, we work over the polynomial ring R = K]|x, y], with K perfect of characteristic p > 0.
We remark, however, that all results remain valid upon relaxing the assumption on K to merely being
F-finite, i.e. that K/KP* be a finite extension for some e > 0 (equiv. all e > 0).

Proposition 3.4. Let f = x? + y? be a quasi-homogeneous plane curve. Suppose that p does not divide a
or b. For every integer 0 < n < p®, one has that

n

ce . = (XLai/peJ 163/

i—i—j:nand<,
1, J

> # 0 (mod p)> :

In particular, every ideal in the chain of p®-th roots of f is monomial.
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Remark 3.5. In view of Proposition 3.4, Cg - f" contains the monomial x"y", if and only if there exists a
pair (i, /) of nonnegative integers such that:

. b
FLJ <wu, and {JeJ <v, and <n> #0 (modp), and i+j=n.
P p i)

The first two conditions are equivalent to ai < (u+ 1)p® — 1, and bj < (v + 1)p® — 1, respectively. As a
result, the r-invariant r(f; x"y") is the solution to the following linear integer programming problem:
maximize: i+,
subject to:  ai < (u+1)p® —1,
bj < (v+1)p®—1, (P1)
(15) %0 (mod p)
L i,j S Zzo.

A solution > p® has no meaning by Lemma 2.24, hence it should be thought of as x“y" € Cg - P,

One can give general bounds for the optimum of (P1). To obtain a solution, however, it is helpful to
make assumptions on the congruence class of p modulo ab. In what follows, we provide the solution under
such additional assumption. Later on, in Section 3.3, we study the consequences on the F-invariants.

Lemma 3.6. Let f = x? + y® be a quasi-homogeneous plane curve. Suppose that p =1 (mod ab). The
r-invariant rg(f; x"y") of a monomial x"y" is

<u+1 v+1
+
re(fix"y’) = 2 b
pE—1 if bu+av >ab—a—b.

)(pe—l) if bu+av < ab—a— b,

3.2. One-monomial deformations of quasi-homogeneous plane curves

Let C C K2 be a plane curve given as the zero locus of a polynomial h € K|[x, y]. Suppose C passes through
the origin. Then the Milnor number of C is defined as 1 = dimk K{[x, y]/(0xh, 0, h). When K = C, and
h is a quasi-homogeneous plane curve x? + y®, the Milnor number determines the topological type of the
singularity of C at the origin under deformations, in the following sense:

Theorem 3.7 ([7]). Let f = x? + y? be a quasi-homogeneous plane curve defined over C, and g a
deformation g = x® + y? + t;x®1yP1 4 ... 4t xyBr with t1, ..., t, € C. Suppose every deformation
monomial x*y® on which g is supported (i.e. t; # 0) satisfies 0 < a; < a—1,0< B < b—1, and
aB; + ba; > ab. Then f and g have the same Milnor number.

Definition 3.8. A constant Milnor number deformation, or pu-constant deformation of a quasi-homogeneous
plane curve f = x? + y? defined over K, is the vanishing locus in K? of a polynomial of the form

n
g=x7 +yb + Z t,-xo‘"yﬁ", where t; € K,
i=1

with0<a;<a—1,0<8;<b-1, and af; + ba; > ab, fori=1,...,n.
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Hereinafter, we consider one-monomial p-constant deformations of quasi-homogeneous plane curves
defined over a perfect field K of characteristic p > 0, thus we work over the polynomial ring R = K|x, y].

Proposition 3.9. Let g = x? + y? + tx®y? be a p-constant deformation of f = x? + y?. Suppose that
p does not divide a or b, and p > a8 + ba. — ab. For every integer 0 < n < p€, one has that

Cg-g" = <xL(‘;”'J’O‘k)/peJyubﬂrﬁk)/peJ i+j+k=nand < A > # 0 (mod p)) .
IY./!

Proposition 3.10. Let g = x? + y? + tx®y? be a p-constant deformation of the quasi-homogeneous
plane curve f = x? + yP. Suppose that p does not divide a or b, and p > a3 + ba — ab. One has that
Cg-f"CCg-g" for every integer 0 < n < p€.

Remark 3.11. By Proposition 3.9, given an integer 0 < n < p®, a monomial x“y" is in C - g" if and only
if there exists a triple (7, j, k) of nonnegative integers such that:

j k bj k
rl —|—ea J <wu, and LH_‘?BJ <v, and < n > #0 (modp), and i+j+k=n.
p p iJ Kk

One sees the first two conditions are equivalent to ai + ak < (u+1)p® —1, and bj + Sk < (v+1)p® — 1.
It follows that rg(g; x“y") is the solution to the following linear integer programming problem:

(maximize: [+ + k,
subject to: ai +ak < (u+1)p¢ —1,
bj + Bk < (v+1)p* -1, (P2)
(’Tﬁk) # 0 (mod p),
i,j, k € Zzo.

By Proposition 3.10, a solution of (P2) is bounded below by a solution of (P1). As in Remark 3.5, a
solution > p® must be thought of as x“y* € C§ - gP" 1.

Lemma 3.12. Let g = x? + y? + tx®yP be a p-constant deformation of a quasi-homogeneous plane
curve f = x? + y®. Suppose that p =1 (mod ab). For a monomial x“y", one has that

re(fix"y") = rg(g: x"y").

3.3. F-invariants of quasi-homogeneous plane curves and deformations

To conclude, we use the r-invariants of quasi-homogeneous plane curves and their one-monomial p-constant
deformations to compute their F-invariants when p = 1 (mod ab).

Proposition 3.13. Let h be either the quasi-homogeneous plane curve f = x? + y?, or the p-constant
deformation g = x? 4 y? 4+ tx®y®. Suppose that p =1 (mod ab).
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(i) The pe-th root of h", with 0 < n < p®, is

C’e? . hn — (XLIyV

+

u—+1 v—l—l< n .
a b T pe—1

(ii) The v-invariants of h of level e are

1 1
u,',(pe):{kpe—|—<u—: +V—}; )(pe—l), (k+1)p¢—1 ‘ bu+av<ab—a—b,k>0}.

Theorem 3.14. Let h be either the quasi-homogeneous plane curve f = x? + y®, or the u-constant
deformation g = x? 4 y? 4+ tx®yP®. Suppose that p = 1 (mod ab), and p > a8 + ba — ab.
(i) The F-jumping numbers of h are

1 1
FJN(h):{ul_ —I—%,l ‘ bu—l—av<ab—a—b}~|—ZZO.

(ii) The test ideal of h with exponent A € (0, 1) is
r(h) = (x”yv

Remark 3.15. For a prime number p sufficiently large with p = 1 (mod ab), Proposition 3.13 and Theo-
rem 3.14 show that a quasi-homogenous plane curve and a one-monomial p-constant deformation have the
same chains of p®-th roots, v-invariants, and F-jumping numbers. Furthermore, their test ideals coincide
for A € (0,1).

u+1 v+1
+ b >A).

Remark 3.16. Let f = x? + y® be a quasi-homogeneous plane curve, or a one-monomial pi-constant defor-
mation g = x?+y?+tx®yB, t € Z, defined over C. Consider the sets Xr = {p | p = 1 (mod ab), p prime},
Xg ={p| p=1(modab), p > afi + ba — ab, p prime} as subspaces of SpecZ, which are infinite by
Dirichlet's theorem on arithmetic progressions. In the Zariski topology on Z, a nonempty open subset is
the complement of the union of finitely many points, and hence must intersects both X and &,. It follows
that these sets are dense in SpecZ.

Choose a prime p € Xf, and denote by f, the reduction modulo p of f along Z[x,y] — Fp[x,y].
Similarly, let g, be the reduction of g, with p € X;. The multiplier ideals J (), J(g") are generated by
polynomials over Z, and can be obtained with an algorithm proposed by Blanco and Dachs-Cadefau [2].
After computing their reductions j(f/\)p, j(g/\)p, one sees they coincide with the test ideals, namely
TNy = T(fp/\), and J(g*), = T(g,ﬁ‘), for all . In consequence, the weak ordinarity conjecture (Conjec-
ture 2.15) holds for quasi-homogeneous plane curves and their one-monomial p-constant deformations.
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Primer ens centrem a estendre la nocié de serie de Fourier, estudiant com podem
representar funcions de quadrat integrable sobre varietats de Riemann. Per fer aixo
ens ajudem del teorema de Hodge, que ens permetra trobar bases d'aquests espais
a partir del laplacia.

Després veiem com aquest métode es pot utilitzar per trobar les séries de Fourier
per a funcions periddiques, i per a les funcions L?(S?), el cas principal. També
discutim com estimar I'error en norma L2, i implementem totes les férmules que es
troben a l'article a un programa per poder visualitzar els resultats obtinguts.

Abstract (ENG)

First we will focus in extending the notion of Fourier series, studying how can we
represent functions of integrable square over Riemannian manifolds. To do this we
will use the Hodge theorem, that will allow us to find basis of these spaces through
the Laplacian.

Then we will see how this method can be used to find the Fourier series for periodic
functions, and for the functions L2(S2), our main case of study. We will also discuss
how to estimate the L2-error, and we implement all the formulas found in the article
in a program to be able to visualize the obtained results.
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Use of Fourier series in S? to approximate star-shaped surfaces

1. Introduction

This article will follow the steps that were set in my bachelor’'s thesis and explain how to build Fourier
series to be able to represent star-shaped surfaces.

In particular we will look at the construction of the Laplacian operator A induced by a metric g, on
a set of functions L2(X), where X is a Riemannian manifold, and how we can use the Hodge theorem to
look for basis of the function space {¢;};ca € L?(X) in the eigenvectors of the Laplacian A = ;.

We will primarily focus our attention on the case for S?, where such basis will be given by the spherical
harmonics, and we will study how to apply these formulas for computational use, and also how to a priori
estimate the L?-error for a certain amount of coefficients.

All of this culminating in a desktop application, that given a star-shaped surface triangulation will use
the formulas explained on the article to represent that shape as a Fourier series, proving the applicability
of the mathematics explored on my thesis.

2. Construction of the Laplacian on a Riemannian
manifold

Given (X, g) a compact Riemannian manifold, for further calculations we will assume

dp: UCR" — X
(X1, ey Xn) — D(x1, ..., Xn)

a parameterization with a dense image, ®(U) = X.

Definition 2.1. Given the prior manifold we define the Hilbert space
[2(X) = {f: X — R, f integrable square}

with the scalar product for f, h € C*°(X),

(f, h) :/ thdVg,
X
where dV is the differential induced by the metric.

To build the Laplacian we will work with the dense subset C>°(X) C L2(X).

Definition 2.2. Let Q%(X) = C°°(X) be the space of differential 0-forms of X. We define
QY X)={w=fidq+--+fdx]|ficQ’X)}

the space of differential 1-forms of X.
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Definition 2.3. We define the differential operator d as
d: Q°(X) — QY(X)
of

of
f—>87deX]_++87X’7an

We intend to use the differential operator to build the Laplacian as a self-adjoint operator, A = d*od.
Therefore we need to also build a Hilbert space with a well defined scalar product on Q(X).

Definition 2.4. Let L2(X) = A%(X), then we define
AYX)={w=Ffdx +---+ frdx, | i € A°%X)}

the set of L2 1-forms of X, and we see Q1(X) = A}(X).

Now we want to build the tensor g*: T*X @& T*X — R.
Let e1, ..., en € T, X be an orthonormal basis for g, then the dual basis of the 1-forms wy, ..., wp, € T4 X
so that wj(ej) = J;; will be an orthonormal basis for g* of T*X. Through this basis g* is well defined.

Definition 2.5. With what we have seen so far we can introduce then the scalar product in A(X) with
this tensor. Given w,n € Q(X),

wonds = [ g0, 1) V.
This scalar product satisfies the properties of a Hilbert space. Therefore, we have another Hilbert space
in AL(X).
Now we can use the definition of the adjoint operator to find the adjoint of the differential, and finally
build the Laplacian operator.
(df W) q = (f, d*w) g0, VF € Q%(X), Yw € QY(X),
A=d" od.

3. The Hodge theorem

Now that we have a self-adjoint operator inside a Hilbert space, we will be using the Hodge theorem, specific
for this case, to back up our claim that we can find basis for this function space using the Laplacian.

In this article we will just announce the theorem without further proof. For a proper proof as well as
more in depth information please refer to [5, p. 32|, where the Hodge theorem is established and proven.

Theorem 3.1. Let (M,g) be a compact Riemannian manifold, oriented and connected. There exists an
orthonormal basis for L2(M, g) that consists of eigenvectors of the Laplacian. All the eigenvalues are real
and positive, except for 0 which is an eigenvalue of multiplicity 1. Every eigenvalue has finite multiplicity,
and they only accumulate at infinity.

Once we find those eigenvectors {1;};cp € L?(X) that form a basis, we can write any given element f €
L2(X) as its Fourier series

F=> o, (1)

ien
where the coefficients are the ones obtained through the scalar product
ajp = <f,’l/),> (2)
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4. Construction of the common Fourier series

To begin with the examples let us focus on the case for X = S?, with the parameterization

®: (0,21) — S* C R?

x —» (cos x, sin x).

We will be using the metric g = %, giving us the following scalar product, given f, h € A%(S?),
1 2w
(f, h) po = 2 o f(x)h(x) dx.

And following the definition for g* we obtain the scalar product for A'(S!). Given w,n € A(S?!),
with w(x) = f(x) dx and n(x) = h(x) dx,
1 27

27
wna = 5= [ EH(F00 d hx) d) o = 2m /0 FO)h(x) dx.

Then applying the definition of the adjoint operator we obtain, given any f € Q°(S!) and any w €
QL(SY) with w = h(x) dx,
(df,w>A1 = <f, d*w>A0,
2w 1 27

2 f'(x)h(x) dx = o f(x)(d*w)(x) dx.
0 0

Integrating by parts and after some algebra we end up obtaining the expression for the Laplacian
A= —47r28)2(.

Now we want to look for the eigenvectors of this operator. Therefore we want to obtain a set of
orthonormal functions {¢;};jen € L?(S?) that satisfy the equation Av; = Mj1;. If we develop the prior
expression, we see

A =N,
—4m? R (x) = M(x),
Am" = =y,

giving us the very natural orthonormal eigenvectors
Yo(x) = 1,
Vn(x) = V2 cos(nx),
dn(x) = V2sin(nx).

As we can easily prove by solving the differential equation, these are all the solutions despite lineal
combinations of them. Therefore, now as described in the prior section we can create the Fourier series
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using this basis, giving us the common example for real Fourier series we all know. Given any f € L?(S!),

we can write it as

f(x) = Ao+ Z(A,, cos(nx) + Bysin(nx)), x € (0,2m),

n=1

1 27

Ay = — f

0= 5o | (x) dx,

1 27

An = / f(x) cos(nx) dx,
m™Jo
1 2T

B, = / f(x) sin(nx) dx.
m™Jo

We can also consider the case for L2(S*, C). In this space almost all the process is exactly the same,
and we obtain the same self-adjoint operator. The only difference is that when defining the scalar product,

this one requires a symmetry by the conjugate, therefore we define given f, h € L?(S!, C),

27 -
(f, h) = 217T/0 f(x)h(x) dx.

For this particular example COO(Sl, C), the most common basis will be

Yn(x) = €™, Vn € Z with \, = 47%n°.

Finally, given any f € Lz(Sl,(C), we can write it as

f(X): i aneinx,

1 2w

ap f(x)e™"™ dx.

5. Case for L*(S?), the spherical harmonics

To start with this case we will also start defining the parameterization,

®: (0,27) x (0,7) — S? C R3
(¢,0) — (sin @ cos @, sin @ sin p, cos §).

Through this parameterization we can find a Riemannian metric induced from R3, giving us

g =sin?0dy ® do+ di ® db.

Therefore the scalar product will be

T 21
(f, h)Ao:/ fthg:/ / f(¢, 0)h(;p, 0) sin 6 dy do.
NG 0 0
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And following the definition for g* we obtain the scalar product for A'(S?), given

w(p, 0) = fi(p, 0) dp + H(p, 0) db,
n(p, 0) = h(p, 0) dp + ha(p, 0) do,

fih
<Wv77>A1:/ (w,m) dV, —// (11+fzhzs|n9> dpdo.

Applying the definition of the adjoint operator we obtain, given f € Q°(S?) and w € Q1(S?),
<df, w>A1 = <f, d*w>A0

we obtain

After some calculations we end up obtaining the following expression for the Laplacian,

A:_< 02 +ag(sineag))

sin? 9 sind

At this point we introduce the spherical harmonics, which are functions with the following expression.

Definition 5.1. Let /€ NU{0} and m € Z with |m| < /. We define the function Y;": S — R parameterized
with the coordinates we have been using so far as

\/(2521—(;)—(’—@,7—7):77)' P/™(cos 8) cos(myp) if m> 0,

Y (e, 0) = ,/26: ! P9(cos ) if m=0, (3)

20+ 1)(C — |m])! jmi _ |
\/ oy e (cosf)sin(imlg) if m <0,

where P;" are the associated Legendre polynomials. They are defined as the canonical solutions of the
general Legendre equation

1)L piy — ox L W) — "] prig =0 4
(1= %) PP ~ 2 PP+ [f(E41) = 17| PP =0 (@

These functions are the orthonormal basis obtained by the eigenvectors of the Laplacian. Unfortunately
given the length constrains of this article the proper proof of such claim is not possible. For the interested
reader | strongly recommend checking the full thesis for a very interesting proof as well as a more in depth
explanation of all the steps we have done before and all the results we have seen.

Nevertheless | will try to give a somewhat satisfying overview of the proof found in the thesis. First we
start by proving that the spherical harmonics are orthonormal; for this and further steps ahead we use [4,
Chapter 14], [1, pp. 331-341], where a lot of the properties of the Legendre polynomials are found as well as
some recurrences useful for their computation. In this case we use the Legendre polynomials orthogonality,

Y e pm _ 2(t+m)!
/_1Pg ()P (x) dx = (2€+1)(£_m)!5gk.

Which finally ends up helping us find the orthonormality result
(Y7" YiE) = 6ukOmn.

68 NI « I|'.| https://revistes.iec.cat/index.php/reports



https://revistes.iec.cat/index.php/reports

Miguel Nasarre Budifio E S @ SCM

Then we evaluate the Laplacian of the spherical harmonics. To simplify the expression we use the
substitution v = cosf, where v/ = —sinf = —v/1 — v2; with some rearrangement we can use (4) to
get rid of one of the derivatives, allowing us to simplify the expression and with some algebra we obtain
AY" = (¢ +1)Y,", which proves that the spherical harmonics are eigenvectors of the Laplacian with
eigenvalues \y = ¢(¢ + 1).

Finally we have to prove that these eigenvalues are sufficient to make a basis for L2(S?). For this final
step we inspire on the beautiful proof found in Chapter 7 of the book Groupes et symétries [2]. We begin
with the Stone—Weierstrass theorem.

Theorem 5.2. Let X be a compact Hausdorff space and A a sub-algebra of the space of continuous
functions from X to the real numbers C°(X), that has a constant non-zero function. Then A is dense
in CO(X) if and only if it separates points.

This tells us that the polynomials are dense for C°(X) as long as X is a compact Hausdorff space.
Therefore the proof centers itself in proving that the harmonic polynomials are a basis for the restriction to S?
of all polynomials in R3, more specifically there are a total of 2¢ + 1 homogeneous harmonic polynomials
of degree ¢, and all together they form a basis of the polynomials in R3 restricted to the sphere. And
therefore applying the Stone—Weierstrass theorem they are a basis for all continuous functions restricted
to the sphere.

The second part of the proof uses the results we obtained earlier from the spherical harmonics to prove
that these are indeed the restriction to S? of homogeneous harmonic polynomials of degree ¢, and since we
have 2/ + 1 spherical harmonics for every ¢ value, we conclude that these are a basis for L2(S?).

6. A priori estimations of the [2-error

It would be interesting for further applications of the formulas we have seen so far if we had an a priori
estimate of how many coefficients we need to compute to obtain a desired relative L2-error. For a subset
of frequencies L C A we define this error as

_lF £

I

where L =", (f. i)

To do this we will be using the methods found in [3]. This paper was developed by my tutor and is the
initial inspiration behind the thesis, for proof of the theorems that will follow | strongly recommend looking
at their article, or it can also be found in the thesis.

Theorem 6.1. Let f € A°(X) be a function so that df € AY(X) and Af € A%(X) are well defined. For
every € > 0 exists a finite subset L¢(€) C N that only depends of ||f||, ||df||, ||Af|| and € so that

1 ’

I = £ < el (5)

Actually, L¢(€) can be chosen by the preimage A\: A — R of the compact interval [L (€), Lf ()], where

oy _ NdfI[? £ et VIAFIR[F]2 — [[df]]*
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Theorem 6.2. Assume we already computed the Fourier coefficients of f for a given subset | C N. Then
the inequality (5) is also satisfied for the new subset of coefficients

ellf
Lf(e, I) =1U L <Hf’l\\’l‘u> . (7)

These formulas will be used in the programs that calculate and display the Fourier coefficients, in order
to see their performance on a real scenario, and the results will be discussed at the end.

7. Formulas for computational use

In this section we will explain the formulas implemented in the program to calculate the Fourier series
for the case L2(S2). For our particular case we will suppose that we have a triangulation {T;}"; of a
star-shaped surface S of strictly positive radius. We will express this surface by its radius r: S> — R* given
any point of the sphere. To compute the Fourier coefficients for this function we will need to apply (2),
and the expression will be as follows,

N
rm:/erdV: /erdV,

where T,-p C S? is the triangle T; projected onto the unit sphere. If the triangulation is fine enough, we can
approximate that Y, is constant over the entire surface of the triangle, and since the mean radius of the
triangle is the radius in the barycenter, we will rewrite the prior expression as

N
=y Tl YP(THATY),
i=0

where T is the barycenter of the triangle T;, and A(T?) is the area of the spherical triangle T?.

Now we will look at how to evaluate every term of this formula. Starting with || T||, this is just the
norm of the mean of the three v, vi, v2 € R? points that make the triangle, || T|| = |[*+452]|.

Then to calculate the area of the spherical triangle A(TP) we will use the formula A = ag+ a1 +ax—,

where «; are the angles of the spherical triangle. To find these angles we can use the tangent lines to the
(vixvj)xv;

TTvrxv )<l and find the angles through the scalar product between them.
i j i

sphere u =

Finally we have to compute the spherical harmonic at the barycenter of the projected triangle. In this

case we will explain how the program computes (3) for any given point (x,y,z) € S?> € R3. To compute

the trigonometric functions cos(my) and sin(my) we will use the fact that we know cos¢ = \/117 and

singp = \/1y_7 and the Chebyshev polynomial, that give us

Th(cos ) = cos(nh),
Un—1(cos @) sin 6 = sin(nf).
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To compute them we will use the following recurrences,

X

o s

X

(

(
1(x
(

(

(

T Ta(x) = To1(x),

OQ+

X

<

X

1

~— N N Y ' —
I

Il
P X

X

(X) — Up—1(x).

Un+1

For further information about the Chebyshev polynomials and its recurrences you can check [1, Chap-
ter 22|, or [4, Chapter 18].

To compute the associated Legendre polynomials, we will use the following recurrences, which can be
found in the cited references,

Piit(x) = =(20 = 1)V1 - x2P{(x), (8)
Pri1(x) = x(20 + 1)P{(x), (9)
(L= m+ )PP (x) = (20 + 1)xPP(x) — (£ + m)PP 1 (). (10)

More precisely we will use (8) to compute until P, then (9) to compute P ;, and finally (10) to compute
until P;", using the cosf) = z that we already know.

Now we have a precise way of calculating every term of the Fourier series, since we just need to repeat
these calculations for every triangle of our triangulation and we will get the Fourier coefficient, and this
way is how it has been implemented in our program. Finally to plot the surface we just apply (1),

S ={rl(p, 0)®(p,0) | (¢,0) € (0,27) x(0,7)},
rre.0)= Y Y (e.0).

(¢,m)eL
It is also interesting to see how we compute the formula for the estimated L2-error given the triangu-

lation. As seen in the formulas (6) and (7) all we need to compute are the norms squared. For the first
norm we will use the following formula,

N N
In? = [ Pave =3 [ @ v~ S ITIPATY),
i=0 i i=0

For the norm of the differential we will use the scalar product as described giving us the following

expression,
2 * _
drl| —/SQg (dr,dr)c/vg_/S [9 +(25) } dv,

which can be approximated as shown in the thesis by the following sum,

ldr|[2 ~ ZHTW[ 'T”) —1} A(TP).
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We are just missing an expression for the Laplacian norm. In this case we will be using the formula
discussed in [6], this will give us a value for the Laplacian in every vertex of the triangulation.

Let {v;}Y; be the set of vertex of our triangulation, we denote {p;}); their projections on the unit
sphere so that p; = vP. For every vertex p; with n neighbors, we denote N(i) = i, ..., i, the set of index
of the neighbor vertex of p;. We will assume they are ordered counterclockwise as seen from outside the
sphere above p;. Then we can approximate the Laplacian in this spot as

42jeN(i)(COt ajj + cot i) (||l — ||vill)
ZjGN(i)(COt ajj + cot Bjj)||p; — pill?

A, r(pi) =

where ajj and 3 are the angles of the adjacent triangles to the segment p;p;.

Finally since we want to compute ||Ar||. We will consider that each one of our vertex takes a re-
gion s(p;) C S? equivalent to one third of the area of the spherical triangles surrounding it. Therefore the
area of all the triangles will be equally shared between the vertex, and we obtain the expression

HArH?:/ (Ar)2dV, ~ Z/ V,
s(pi)

4

-2

i=

4ZJ€N() cot avjj + cot i) (||vj|| — ||vil]) Z A(
> jen((cotag + cot By)|lp; — pil I

8. Conclusion and results

As mentioned previously this thesis was built around the idea of creating a program that can replicate all
the formulas explained here and can show some interesting results. For the interested reader this program
does exist and can be found at https://github.com/MiquelNasarre/FourierS?2.

It is satisfying to see that all these formulas actually work and can produce some interesting results. This
can be seen in Figure 3, that shows the spherical harmonics as depicted by the program, and Figure 1, that
shows a basic example of the program'’s functionality.

111

Figure 1: Program trying to recreate a cube triangulation with ¢ from 0 to 4.

Also this program allows us to see some clear limitations of the formulas. For example if you try to go
too deep and your triangulation is not fine enough the approximations to calculate the coefficients will not
be as good, giving you some weird looking shapes in the process, as seen in the middle shape of Figure 2.
This limitation though can be easily solved by dividing the triangles in the triangulation, as shown by the
last shape of Figure 2, where the shape is visibly better defined and the L2-error is lower.
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Figure 2: Program creating the Fourier series ¢ < 20 of example.dat without the subdivision and with
four subdivisions of the triangles.

Another limitation that can not be solved easily is the error formulas, due to the amount of approxima-
tions involving the entire process these formulas have proven not to be very reliable for the case in L?(S%)
although they have shown great results for the common Fourier series.

Overall | am very satisfied of the results obtained by the program as well as all the mathematical
background developed in the thesis to back it up, | hope this article is useful for someone who decides to
undertake a similar case of study in the future.

PP ERE R E L
P SRR R TS $

Figure 3: Spherical harmonics as shown by the program with £ from 0 to 5.
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Extended Abstracts

SCM Master Thesis Day

Last October 3, with a notable attendance, we celebrated the third SCM TFM day. This is an activity
organized by the Catalan Mathematical Society (SCM) which aims to facilitate those who have just gra-
duated from a master’s degree in mathematics at a Catalan university or from the common linguistic area
(Xarxa Vives) to present their Final Master’s Thesis. This interuniversitary activity it is about giving young
master’s graduates the opportunity to participate and present their first communication at a workshop, to
energize the community of young mathematicians in the country that start the research, to inform about
the convocation of the Galois awards and about the magazine Reports@SCM, and to spread the word about
the mathematics master’s programs of the universities of the Vives Network to students in the final year
of the mathematics degree attending the day.

The day was held at the headquarters of the Institut d’'Estudis Catalans and had the participation as
speakers of eight students, and also with the presentation of the two master's theses awarded with the
Evariste Galois 2025 prize (Pedro Lépez and Joaquim Duran, winner and recipient), an award given by
the SCM to the best final master’s thesis of the previous year, in this case, 2024. In fact, one of the two
winners of the 2025 Galois award presented their TFM in the 2024 edition of the SCM TFM day.

The scientific committee of the day was Enric Cosme (co-coordinator of the Master's in Mathematical Rese-
arch of the UV-UPV), Simone Marchesi (editor in chief of Reports@SCM), Xavier Massaneda (coordinator
of the Master's in Advanced Mathematics of the UB-UAB), Jordi Saludes (coordinator of the Master's in
Advanced Mathematics of the UPC) and Pablo Sevilla (co-coordinator of the Master's in Mathematical
Research of the UV-UPV). The organizing committee was Montserrat Alsina (president of the SCM), Jo-
sep Vives (vice-president of the SCM) and Oscar Burés and Philip Pita, current PhD students and former
participants in previous editions of the day.

Reports@SCM collects in this issue the extended abstracts of the presentations of the day.
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Densities for Hausdorff measure and
rectifiability. Besicovitch’s 1/2-conjecture

Jaume Capdevila Jové Resum (CAT)

Universitat Autonoma En aquest treball estudiem un dels conceptes centrals de la teoria geométrica de la
de Barcelona mesura, el de conjunt rectificable, i la seva relacié amb les densitats per la mesura
jaume.capdevila.jove@uab.cat de Hausdorff. En aquesta interaccié hi ha un dels problemes oberts més antics

de la teoria: la conjectura-1/2 de Besicovitch. Estudiem una seleccié de resultats
rellevants, des dels articles pioners de Besicovitch [1] fins a la millora de Preiss
i Tiger [7]. Després, presentem una contribucié original: generalitzem a R" un
exemple donat originalment per Besicovitch en el pla, demostrant-ne les propietats

clau i estenent aixi una cota inferior de la conjectura a dimensié arbitraria.

2\ Societat
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""_ I.:!'j[”;_" Keywords: geometric measure theory, Hausdorff measure, rectifiability,
¢ d Estudis : . , .
e Catalans Besicovitch's 1/2-conjecture.

Abstract

One of the main concepts of geometric measure theory is that of m-rectifiable subsets of R”, given inte-
gers 0 < m < n. They appear as a generalization of the notion of “nice” m-dimensional surfaces, such as
C! submanifolds, or Lipschitz graphs. They are sets which, up to a set of zero H™-measure, are contained in
a countable union of images of Lipschitz maps with domain in R™ (where H™ denotes the m-dimensional
Hausdorff measure). For example, for m = 1, the 1-rectifiable sets are those which are contained in a
countable union of rectifiable curves, again up to a set of zero H1-measure. On the other side of the coin,
we have the purely m-unrectifiable sets, which are those that contain no m-rectifiable subset of positive
H™-measure. One of the goals of geometric measure theory is to characterize rectifiability in terms of other
geometric or analytical properties.

To that end, one of the basic tools is that of the densities for the Hausdorff measure. Consider a
set E C R” such that 0 < H*(E) < oo for some 0 < s < n, which we call an s-set. One defines the
upper and lower s-densities of E at a point x € R", denoted as ©*°(E, x) and ©3(E, x) respectively, as
the limsup and liminf as r — 0 of

H*(E N Br(x))
@)
When both quantities coincide, the limit is called the s-density of E at x.

The densities for the Hausdorff measure and the notion of rectifiability are intimately connected. One of
the most important theorems in this direction states that an m-set E C R" is m-rectifiable if and only if the
m-density of E exists and is equal to 1 at H™-almost all points of E. This is known as the characterization of
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rectifiability in terms of densities. This line of study was initiated in the pioneering work of Besicovitch [1]
in 1938, where he established the result for 1-sets in the plane, i.e., the case m = 1 and n = 2. It
was extended to arbitrary dimension in different stages, with the work of Moore [6], Marstrand [4] and
Mattila [5].

Another point of connection between the two topics involves the lower density alone. It was proven by
Besicovitch in the same article that if ©1(E, x) > 3/4 for H!-almost all points of a 1-set E, then E is
automatically 1-rectifiable. Following this idea, we define the following coefficient:

om(R™) := min{oc > 0: for any m-set E C R", O (E, x) > o H™-a.e. x € E = E is m-rectifiable}.

The previously stated result of Besicovitch translates to the bound o1(IR?) < 3/4. Moreover, in the same
article in 1938 he provided an example of a purely 1-unrectifiable set P which satisfies @1(P, x) = 1/2
at H!-almost all x € P; a formal proof of this fact appeared later in a paper by Dickinson [3] in 1939.
This way, they proved the lower bound o1 (R?) > % With this in mind, Besicovitch conjectured that the
exact value of o1(R?) is 1/2, which is now known as Besicovitch’s 1/2-conjecture.

Further improvements to this bound have been obtained since then. In 1992, Preiss and Tiger [7] refined
the estimate to o1 (R") < (24 v/46)/12 < 59/80, which holds for all n > 2 (for all metric spaces, in fact).
Recently, in 2024, Camillo De Lellis et al. [2] established that o1 (R") < 7/10, which is currently the best
known upper bound.

In higher dimensions (for m > 1), no good upper bounds are known for o,(R"). On the other hand,
the same lower bound remains valid; in this work, we generalize Besicovitch's example in the plane to
arbitrary dimensions, thereby showing

—_

om(R") > 5 forany 0 < m < n.

This is an original contribution from this work.
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Fusion theorems and applications

Luis Pablo Colmenar Resum (CAT)

Universitat de Valencia En teoria de grups finits, molts resultats classics impliquen subgrups de Sylow. Una
cololuis@alumni.uv.es direccié natural és generalitzar-los mitjancant subgrups de Hall. En aquest treball,

mostrem com un resultat de Wielandt permet fer-ho eficagment. Presentem dues

aplicacions: una relacionada amb el teorema de fusié d'Alperin, i una altra amb el

subnormalitzador, un concepte menys conegut perd amb connexions recents amb

la teoria de caracters.
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Abstract

In finite group theory, many results are formulated in terms of Sylow subgroups and rely heavily on the
classical Sylow theorems. These results are central to the local-global philosophy of the subject, where local
properties of subgroups provide valuable information about the structure of the whole group.

Whenever such theorems are established, a natural line of inquiry arises: can these results be generalized
beyond Sylow subgroups? One promising direction involves replacing Sylow subgroups with Hall subgroups,
which are more general but retain many desirable properties when they exist. However, such generalizations
often require more sophisticated tools, since the theory of Hall subgroups is not as robust or widely applicable
as Sylow theory in general finite groups.

In this work, we focus on a classical but perhaps underappreciated result by Wielandt, which proves to
be a powerful instrument in extending certain Sylow-based statements to more general contexts involving
Hall subgroups. Wielandt's theorem offers a unifying perspective that opens the door to new applications.

We present two main applications of this approach. The first concerns Alperin's fusion theorem, first
proved by Alperin in [1], a fundamental result describing how conjugacy in a Sylow p-subgroup is controlled
in terms of the local structure. This theorem is important in some conjectures in representation theory and
character theory. We will show how Wielandt's result can be used to extend aspects of this theorem beyond
the Sylow subgroups, providing a more flexible framework for studying fusion phenomena.

The second application involves a less well-known concept: the subnormalizer of a subgroup. This notion,
mainly studied by Carlo Casolo in [2], tries to generalize the concept of normalizer. Subnormalizers offer an
alternative lens through which one can examine the internal structure of a finite group. Recent developments
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show that this concept is not merely technical: it is connected to new conjectures in character theory and
may lead to fresh insights into the interplay between subgroup structure and representation theory.

Both applications illustrate how classical tools, when viewed from a modern perspective, can be effec-
tively repurposed to approach contemporary problems in group theory. The ideas we present highlight the
ongoing relevance of results like Wielandt’s theorem and demonstrate the value of re-examining classical
results through new conceptual frameworks.
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Atypical values
of complex polynomial functions

Manuel Garcia Garcia Resum (CAT)

Universitat de Valéncia Des de 1983, amb el treball de Broughton, s’han introduit diverses condicions de
magarg25@alumni.uv.es regularitat a I'infinit per a un polinomi complex f que garanteixen |'absencia de
valors critics a l'infinit, és a dir, de valors atipics de f que no sén valors critics. En
aquest treball recollim les condicions de regularitat més rellevants i estudiem les
relacions que hi ha entre elles. En particular, responem a dues preguntes obertes
proposades per Diing Trang L& i J.J. Nufio-Ballesteros a [3].

& Societat
£| Catalana de
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Chtalins Keywords: complex polynomials, atypical values, critical values.

Abstract

The topology of complex polynomial functions f: C" — C has been object of considerable study in
recent decades. In particular, a central goal is to understand how the topology of the fibers f~1(c), c € C,
changes. In this context, the concept of locally trivial fibrations plays a key role. Specifically, if f is locally
a trivial fibration at ¢ € C, then the topology of the fibers near ¢ remains unchanged. The points ¢ € C
where f fails to be locally a trivial fibration are called atypical values of f. The set of all atypical values of f
is denoted by Atyp f. In [4], Thom proved the finiteness of the set of atypical values. However, determining
precisely this set is a major open problem.

Among the atypical values, one has the critical values, i.e., f(Xf) C Atypf, where ¥f is the set of
points x € C" where dfy, = 0. In general, this inclusion is strict. Over the past decades, several regularity
conditions at infinity for f have been introduced in order to guarantee the equality f(Xf) = Atypf.

The first one is the notion of tameness, which was introduced by Broughton in [1] and [2]. In [5], Tibar
compiles some other regularity conditions at infinity, such as the Malgrange Condition (which generalizes
the notion of tameness) and the p-regularity at infinity, where p is a control function. The following chain
of implications is well-known:

f is tame = f1(c) satisfies the Malgrange Condition
— fY(c) is pe-regular at infinity.

Most recently, in [3], Diing Trang L& and J.J. Nufio Ballesteros introduced the notion of atypical values
from infinity. In this paper, they generalize the Broughton's Global Bouquet Theorem in [2]. The paper
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concludes by posing several open questions aimed at gaining a deeper understanding of atypical values
from infinity. Namely,

1. Is it true that, if f is tame, then f does not have atypical values from infinity?

2. Does a fiber f~1(c) which satisfies the Malgrange Condition correspond to a value ¢ which is not an
atypical value from infinity?

In this work we review all these definitions and explain our main contribution:
f_l(c) is p-regular at infinity = ¢ is not an atypical value from infinity.
Using this result, we obtain an extension of the previous chain of implications:

f is tame = f1(c) satisfies the Malgrange Condition
— f1(c) is pe-regular at infinity
= c is not an atypical value from infinity.

This answers the first question of the authors in [3] and gives the right implication for the second one. The
other implication remains open.
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Exploring the principles of coexistence
in invader-driven replicator dynamics

Marina Garcia-Romero Resum (CAT)
Universitat Politecnica En aquest treball, utilitzem la ‘replicator equation” per explorar una de les
de Catalunya (UPC) quiestions fonamentals de la biologia evolutiva i I'ecologia: com es genera i es
marinagr99@gmail.com manté la biodiversitat? Centrant-nos en els sistemes “invader-driven”, en qué les

interaccions o “fitnesses” de les espeécies estan determinades per |'espécie invasora
independentment de |'espécie envaida, busquem relacionar les “fitnesses” amb
les espécies que coexisteixen als estats finals d'equilibri. Descobrim el mecanisme
que regeix la seleccié d'espeécies supervivents i que maximitza la resistencia del

sistema envers les invasions externes, i trobem que el nombre mitja d'especies que

2\ Societat

£ Catalana de coexisteixen creix amb el nombre inicial d'especies.

=/ Matematiques
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wenviid Catalans fitness matrix, multi-species system, coexistence, invasion resistance.

Abstract

Studying the non-linear and often complex dynamics of large systems of interacting species, competing or
cooperating between them, can help to discover the principles that, in ecosystems, lead some species to
survive and coexist, while others go extinct, to better understand of one of the central questions in ecology
and evolutionary biology that remains unsolved, which is how biodiversity is generated and maintained.
In the early 1970s, ecologists widely accepted that the stability and resilience observed in rich ecosystems
were enhanced by complexity and biodiversity, until in 1972 the paradigm shifted completely when Robert
May mathematically showed that random complexity tends to destabilise system dynamics [3]. This raised
a contradiction between observation and theory known as the ecology paradox or diversity-stability debate,
highlighting the need for some hidden structure or pattern in nature, such as the antisymmetric prey-
predator interactions [1]. In this work, we study invader-driven interactions as a potential mechanism for
the stabilization of large complex systems and we find that, under certain assumptions, invader-driven
systems lead to the coexistence of species.

We use the replicator equation as a theoretical framework [4], which originated in game theory but has
been widely applied to biology and epidemiology [2]. Given a system with N species, S = {1,2,..., N},
consider the pairwise invasion fitness X from species i to j, with i,j € S and )\f = 0, and the invasion
fitness matrix A = ()\J,-.),-Jes. Then, the replicator equation models the time evolution of the species
frequencies z = (21, 22, ..., zy), with ) ;.szi=1and 0 <z <1Vie 5, as

7 =0z((A2); —2'A2) =0z | Y Mz -Qz)|., i€S,
J#i
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where the constant © > 0 is the speed of dynamics and Q(z) is the global mean fitness or system resistance
to external invasion. In particular, we focus on invader-driven systems, in which pairwise interactions are
determined by the invading species regardless of the invaded one, i.e., )\J,- =X(1- 5{) Vi,j €S, soeach
species i is characterized by its active trait A\;. We study the equilibrium states z* to understand how
fitnesses in the case A; > 0 Vi € S relate to the set of surviving or coexisting species at equilibrium,
S*={ieS |z >0} CS, finding that Q* = Q(z*) plays a crucial role in the species selection process.

We prove that locally asymptotically stable equilibria are always composed of the top n = |S*| species
without gaps, with fitnesses Ay < - < A\ < --- < X2 < A1 and 2 < n < N, and, furthermore, we find
numerical evidence that each system contains just one of these equilibria, which in turn is a global attractor
(any initial condition with all species present tends asymptotically towards it). Therefore, for each S there
is a unique S* that can be asymptotically reached by the dynamics and, hence, a unique set of species
characterized by n that end up coexisting. We discover the mechanism ruling the species selection (see
Figure 1), which starting with two species iteratively adds a species i € S if QF ; < A;, that is, if it
can invade the previous i — 1, until some species n meets the condition A\,11 < Q) < A,. Moreover, we
prove that in each step Q* increases, QF ; < Q, so this biological process tends to maximize the system
resistance to invasion.

Lastly, using this mechanism we create an algorithm that allows to find n for several invader-driven
systems generated randomly with \; ~ U[0, 1], from N =5 to N = 500. Fitting the data we find that the
mean number of coexisting species increases according to i = 1.381v/N, suggesting that invader-driven
interactions could be a potential mechanism through which ecosystems stabilize and maintain biodiversity.

1 1 1 1

1 1 1 1

0 Q Q.- Q' M1 Q A A1 oos A3 X N
—) (—

[

Figure 1: Species selection mechanism in invader-driven systems, 0 < Ay < --- < A, <+ <A <A < 1.
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Unique preduals and free objects
in Banach spaces

Mario Guillén Resum (CAT)

Universitat Politecnica Estudiem quan un espai de Banach té un dnic predual, centrant-nos primer en les
de Valencia (UPV) funcions holomorfes acotades al disc unitat i analitzant la demostracié d'Ando.
mguisan3@alumni.upv.es Considerem com estendre el resultat a diverses variables, on apareixen dificultats

técniques. També tractem diferents condicions suficients per garantir la unicitat i
Pedro Tradacete g per g

Instituto de Ciencias
Matematicas (ICMAT)

el cas de reticles de Banach.
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Abstract

A predual of a Banach space X is a Banach space Y such that there exists an isomorphism Y* — X. When
X admits only one such space Y up to isometric isomorphism, we say that X has a unique predual. The
problem of determining when a Banach space has a unique predual is a central one in functional analysis,
starting in the works of Dixmier (1948) and Ng [5] and studied by Sakai, Ando, Godefroy, Pfitzner, and
others. Classical examples of spaces with unique preduals include von Neumann algebras by Sakai (1971),
the space of bounded holomorphic functions on the complex disk H*°(ID) by Ando [1], and separable
L-embedded Banach spaces by Pfitzner [6]. Godefroy's survey [3] remains a key reference summarizing
these developments and listing open problems.

This project revisits the uniqueness problem with emphasis on the space of bounded holomorphic
functions, H*>°(U), defined on an open subset U C C". We review Ando's original proof of the uniqueness
of the predual of H>*(D), which identifies the space L(T)/H}(T) as its unique predual. We present a
detailed proof following both Ando's original formulation [1] and a later one from Garnett [2], filling several
gaps left unproved in the literature.

We extend Ando’s result to the case where U is a disjoint union of simply connected open subsets
of the complex plane. Using Mujica's notion of the holomorphic free Banach space G*°(U) given in [4],
characterized by the universal property

H>®(U, F) =2 L(G*=(U), F),
we explicitly construct an isometric isomorphism

G™(U) = P G=(Ua),

acA
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where U = | | ,ca Ua- This allows us to prove that H>°(U) has a unique predual whenever U is such a
disjoint union, thus generalizing Ando's result.

We then attempt to extend the result to several complex variables, considering H>*(T") and H*°(B,).
Following a different path of proving uniqueness in the one-dimensional case, we reduce the problem of
proving that H°°(B") has a unique predual to showing that Bs,) is || - ||p-closed for some p € (0, 1).
However, this higher-dimensional setting presents several challenges. When passing from one variable to
several, the space H}(S,) is no longer contained in the Hardy space H(B,), so pre-compactness arguments
from Hardy space theory cannot be applied. Consequently, no conclusive results were obtained in this
direction.

This work also reviews techniques guaranteeing uniqueness of preduals in broader settings. Two suf-
ficient conditions are revisited: Property (X) (Godefroy—Talagrand, 1980), which ensures that X is the
unique predual of X*, and the notion of L-embedded spaces, for which separable cases were solved by
Pfitzner [6]. Finally, we explore the Banach lattice setting, introducing the free Banach lattice FBL[E]
(Avilés—Rodriguez—Tradacete, 2015). Although we explore possible definitions for predual equivalence in
this setting, we find difficulties, particularly because the space of lattice homomorphisms is not a vector
space, thus leaving this problem for future research.
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Idempotent elements
of the group algebra

Vicent Miralles Lluch Resum (CAT)

Universitat Politecnica L'objectiu d'aquest treball és estudiar els elements idempotents centralment
de Valencia primitius de I'algebra de grup i desenvolupar un métode per al seu calcul en el cas
vicent@vmiralles.com de cossos finits. A partir de la teoria de representacions de grups finits i de resultats

sobre moduls, algebres i extensions de cossos, s'introdueix el concepte de cos
d’escissi6 per a un grup. Finalment, s'explora com |'accié de Galois sobre I'algebra
de grup definida sobre aquests cossos permet obtindre aquests idempotents del cos

original.
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Abstract

This work focuses on the study of idempotent elements of group algebras, with particular emphasis on
centrally primitive idempotents. These elements are fundamental because they allow the algebra to be
decomposed into simpler blocks. The importance of centrally primitive idempotents lies in the fact that
each of them generates one of these blocks and, moreover, they form a basis for the centre of the algebra,
which completely defines its structure.

The main objective is to develop an explicit and practical method for calculating these idempotents
over fields whose characteristic does not divide the order of the group (which we will assume to be finite),
and which are often not algebraically closed. This is no easy task, since many results in representation
theory rely on the latter property (see [3]) and are not valid in a more general context. For this reason, we
resort to the concept of a splitting field for a group (see [1, 2]), which generalises the algebraically closed
field, providing a theoretical framework that guarantees the validity of many classical results, including the
expression of these idempotents.

The method we develop, often known as Galois descent, consists of exploiting the expression of centrally
primitive idempotents of the group algebra over a splitting field. The idea is to consider a finite Galois
extension of the original field that is a splitting field for the group; in this extension, the Galois group
acts on these idempotents. The expression of these idempotents is known since they are defined over a
splitting field, and it can be shown that the sum of the orbits resulting from this action ultimately gives
us the centrally primitive idempotents we are looking for in the original field (see [4]). This method is
significantly simpler than other approaches, such as the one in [5], which relies on the computation of
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a division ring's dimension—a generally non-trivial task. Furthermore, we prove that both methods are
equivalent by summing over a general orbit to obtain the expression given in [5].

To illustrate the procedure, we conclude with a detailed application to finite fields, where the efficiency
of our approach becomes particularly evident. The practicality of the method lies not only in the simplicity
of the orbit computations—thanks to the cyclic nature of the Galois group generated by the Frobenius
automorphism—>but also in the theoretical results previously developed in this work, which directly provide
the corresponding splitting fields. In this example, we first establish the identification between characters
over the splitting field and ordinary characters via Brauer characters (see again [3]), and then carry out
the explicit computation of the idempotents, thereby demonstrating the applicability and strength of our
self-contained approach.
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On nilpotency in braces
and the Yang—Baxter equation

Alberto Rodriguez Dura Resum (CAT)

Universitat de Valencia Les brides sén estructures algebraiques que permeten estudiar les solucions no
albertord.bg@gmail.com degenerades de I'equacié de Yang—Baxter (EYB). Cada brida admet una solucié
no degenerada i, reciprocament, tota solucié d'aquest tipus esta determinada
per una brida associada. Aixi, la classificacié de les solucions no degenerades
depén de |'analisi estructural de les brides. Les seues propietats algebraiques es
corresponen amb les de les solucions, i la nilpoténcia permet descriure el caracter
multipermutacional d'aquestes estructures.

2\ Societat
| Catalana de
=/ Matematiques

T Institu
""; e Keywords: braces, Yang—Baxter, nilpotency.

Catalans

Abstract

The Yang—Baxter equation (YBE) is a fundamental equation in theoretical physics, arising independently
in the works of C. N. Yang (1967), Nobel Laureate in Physics, and R. J. Baxter, within the frameworks of
quantum field theory and the study of integrable models in statistical mechanics, respectively.

The formulation of the YBE is strongly inspired by the celebrated Reidemeister moves (cf. [3]).

Consequently, the study of YBE solutions has gained significant relevance in recent decades, both
because of its intrinsic importance and its applications in braid theory, braided groups, quantum groups,
cryptography, and noncommutative geometry.

The multidisciplinary context of the YBE has generated great interest in the search for and classification
of its solutions.

Open Problem. To find and classify the solutions of the Yang—Baxter equation.

Given the Herculean nature of this task, the Fields Medalist V. G. Drinfeld ([2]) proposed focusing
on the so-called set-theoretic solutions of the YBE, a type of combinatorial solution whose geometric and
symmetric character naturally gives rise to algebraic techniques.

In this work, we undertake a thorough analysis of the algebraic property of nilpotency in braces, as
a clear and significant example of the translation of algebraic properties into classificatory properties of
YBE solutions. We study the so-called lateral nilpotencies in braces, which have a distinct impact both
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on the structural analysis of braces and on the classification of solutions. In this context, a key concept
of nilpotency in braces—one that has recently emerged and has a decisive impact both structurally within
braces and classificatorily within YBE solutions—is central nilpotency in braces. This type of nilpotency
arises with the aim of unifying both lateral nilpotencies in braces, as shown in [1], where it is demonstrated
that central nilpotency in braces can be regarded as the true analogue, within brace theory, of group
nilpotency.

Within group theory, the local study of nilpotency or p-nilpotency associated with a prime p has
undergone substantial development following the seminal works of Hall and Higman (cf. [4]). A key concept
in this context is the p-Fitting subgroup of a finite group, the largest normal p-nilpotent subgroup of the
group.

The main objective and contribution of this work is the introduction and analysis of central p-nilpotency
in finite braces. We conduct a comprehensive structural study of central p-nilpotency in braces, allowing
us to define an appropriate p-Fitting ideal. This contribution is original within the theory and is intended
to inspire further developments in this field.
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francesc.timoner-vaquer@utoulouse.fr ho investiguem en la dinamica complexa unidimensional, i ens concentrem en el cas

polindomic (cas particular d'una funcié racional) com a model on els mecanismes
principals poden ser exposats i comprovats en detall. La via procedimental és clara:
primer, la construccié de peces de puzle en un entorn del conjunt de Julia; segon,
I"ds d'aquestes per definir una funcié de caixa complexa; i finalment, I'aplicacié de
teoremes de rigidesa a aquestes. Aquest procés tradueix la informacié combinatoria

en rigidesa per als polinomis, demostrant que un polinomi no renormalitzable pot
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Abstract

A rational map is a holomorphic analytic function f: C — C on t(he) Riemann sphere that can be written as
P(z

the quotient of two coprime polynomials; equivalently, f(z) = G) where P, @ are complex polynomials

of some degree. The degree of f is defined as d = max(deg P, deg Q), and we assume that d > 2. In
the particular case where @ is a constant, f is just a polynomial. Rational maps of degree d > 2 form a
finite-dimensional space, so exploring this parameter space is feasible. Every rational map of degree d > 2
has 2d — 2 critical points (counting multiplicity), and near these points, the map behaves like z — z, so it
is highly contracting and fails to be injective. Away from the critical points, f is a local homeomorphism.

Definition (Hyperbolic rational map). A rational map is said to be hyperbolic if all its critical points are
in the basins of attracting periodic points.

Conjecture (Density of hyperbolicity). The hyperbolic rational maps form an open and dense set in the
space of all rational maps of a given degree.

Definition. We say that a map is non-renormalisable if it does not admit any polynomial-like restriction
for any iteration with connected filled-in Julia set.

The main goal of this thesis is to deconstruct, understand all details and prove the following theorem:

Main Theorem (Theorem 1.3 in [3]). Let f be a non-renormalisable polynomial of degree d > 2, without
neutral periodic points. Then, f can be approximated by a sequence of hyperbolic polynomials (g;) of the
same degree.
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To tackle the problem we review and combine several fundamental tools: puzzle piece decompositions
so we can consider returns and track symbolically critical orbits, Bottcher coordinates near infinity that
linearize escaping behaviour, holomorphic motions to follow dynamical objects across parameters, and
quasi-conformal conjugacies to transfer geometric control between maps. Also, we suppose our map is non-
renormalisable: for a rational map, one demands that its critical orbits do not return in small neighbourhoods
in a “periodic way”. These maps are often rigid, in the sense that their combinatorial structure determines
their geometry. Finally, and most importantly, we make use of complex box mappings as an induced map
defined on a disjoint union of topological discs that captures return dynamics of critical orbits inside a
controllable domain (“upgrade” of the famous polynomial-like maps). These are flexible enough to encode
both local renormalisation behaviour and global combinatorial constraints.

The seminal paper [3] (our main reference) lacks explicit technical assumptions in its statements and
proofs. This makes some of their statements, as written in that paper, not entirely correct. Some as-
sumptions were implicit or not considered, for example, the dynamically natural property of complex box
mappings. Some parts, claimed to be straightforward, are not. In [1] they clarified and fixed some results
on rigidity of polynomials and box mappings, but the theorem stated above remains unclear. So for the
first time in the literature of complex dynamics, we provide detailed explanations for each part of the proof
of that theorem. We consider the implications and ensure validity, especially when considering the dynam-
ically natural property of box mappings. Our aim is to review the existing literature ([4, 2]), emphasising
crucial aspects, and comprehensively understand the tools required for the theorem's proof. We aim to
encapsulate them in a “black-box" and use them to advance research, for instance, to establish the density
of hyperbolicity in other families of rational maps. We believe this meticulous deconstruction and attention
to detail can significantly contribute to the general public's understanding of the subject matter.

The proof of the Main Theorem lies on a construction of dynamically natural box mappings for non-
renormalisable polynomials without neutral periodic points together with a verification of the hypotheses
needed to invoke rigidity theorems. In rigid families, topologically conjugate maps are automatically more
regular (e.g., quasi-conformal or conformal in complex dynamics). By another of the main theorems needed
(Theorem 6.1 in [1]), combinatorially equivalent non-renormalisable dynamically natural complex box map-
pings are rigid, and hence, quasi-conformally conjugate. This result, along with other known or basic
notions, leads to the quasi-conformal rigidity of non-renormalisable polynomials. Consequently, the original
polynomial is approximated, in the uniform topology on compact sets, by hyperbolic polynomials; hence
density of hyperbolicity holds for the class considered.
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